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Abstract—Wireless communications are characterized by a
multipath propagation that is suitable for application of network
coding (NC) to improve the network performance. In particular, a
physical layer network coding (PNC) is a promising technique to
further improve network capacity for bi-directional information
exchange between pairs of end users assisted by a relay terminal.
In this paper, we present the performance of bi-directional
transmission with PNC in a multipath channel. We introduce
the use of frequency domain equalization (FDE) with orthogonal
frequency division multiplexing (OFDM) and single carrier (SC)
transmission to cope with the channel distortion. The equalization
weights based on minimum mean square error (MMSE) criteria
required for SC-FDE signaling are derived.

Index Terms—Physical layer network coding, frequency-
selective fading, OFDM, SC-FDE.

I. INTRODUCTION

The future wireless networks are envisaged to offer a
broadband air interface with ubiquitous coverage in large areas
and high capacity. Network coding had been studied in the
context of distributed source coding as a promising technique
to improve network capacity in wired networks [1]. This
technique includes logical flow operations on the network layer
in order to approach capacity boundary. Although the original
investigation of network coding was in the context of wired
networks, its potential to improve the performance in wireless
networks becomes more significant due to the broadcast nature
of the wireless medium [2], [3].

Direct application of network coding at the physical layer in
a wireless relay network increase the capacity of bi-directional
communication [4] (called bi-directional amplification of the
throughput (BAT-relaying)), [5] (called physical layer network
coding (PNC)). The principle of PNC in combination with
simple relaying over a Gaussian channel was investigated
in [6]. An overview of PNC schemes in [7] evaluated the
performance over a gaussian channel with symmetric chan-
nels between sources and relay. The analog network coding
(ANC) proposed in [8] is essentially another variation of
PNC with a simpler implementation. To date, this method
has been addressed in the literature mainly within information
theory group for bi-directional communication over a Gaussian
symmetric (i.e., link between users and relay and vice verse
is assumed identical) channel. The network performance over
more realistic wireless multipath (i.e., frequency-selective)
channels has not been addressed.
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Fig. 1. Network Model.

The wireless channel is characterized as a multipath prop-
agation environment (i.e., a frequency-selective fading chan-
nel) giving rise to inter-symbol interference (ISI) that may
significantly degrade the system performance [9]. To cope
with the channel impairments two techniques are available: (7)
orthogonal frequency division multiplexing (OFDM) [9] and
(i) single carrier with frequency domain equalization (SC-
FDE) [10].

This paper deals with bi-directional communication using
ANC [8] over a frequency-selective fading channel. We in-
troduce physical layer network coded OFDM and SC-FDE
signaling in a frequency-selective fading channel and evaluate
their achievable performances. The equalization weights based
on minimum mean square error (MMSE) criteria required
for SC-FDE signaling are derived. Distinct aspect here from
related work is that we take into consideration the multipath
property of wireless channel (i.e., the channel frequency-
selectivity).

The remainder of this paper is organized as follows. Section
IT gives an overview network model. The theoretical perfor-
mance analysis is presented in Sect. III. In Sect. IV, simulation
results and discussions are presented. Section V concludes the

paper.
II. NETWORK MODEL

The relay network model is illustrated in Fig. 1, where we
assume that coverage area of terminals 7 and 74 include an
access point (henceforth relay terminal), while they are out of
each other’s transmission range. R denotes the relay terminal
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Fig. 2. Physical layer network coding.

using amplify-and-forward network protocol that is used in
relay cooperative networks [11]. Each terminal is equipped
with an omni-directional antenna, and the channel is half
duplex so that transmission and reception between sources and
relay must occur in different time slots.

We assume that communication takes place in two stages
as shown in Fig. 2. During the first stage, terminals 7 and
T transmit in the same time to the relay. During the second
stage, the relay broadcast to both terminals T and 74. It is
assumed that communication in the first and second stages are
orthogonal. For example, this could be in two separate time
slots and, hence, the first and second stage does not interfere.
Without loss of generality, this can be achieved using time
division multiplexing (TDM). The protocol is summarized in
Table L.

A. Radio Access

Information bit sequence of length A is channel coded
[12] with a coding rate R, bit interleaved and mapped into
the transmit data symbols, chosen from a complex-valued
finite constellation such as quadrature phase shift keying
(QPSK) modulation scheme. The jth (=0, 1) terminal (i.e.,
T}) sequence is divided into blocks {d}*(n); n=0~N.—1}
for m =0 ~ M/N.—1, each of having N, data-modulated
symbols with E[|d}*(n)|*]=1. E[] denotes the ensemble aver-
age operation. In this work, we consider a transmission of N,
data-modulated symbols without loss of generality and thus,
the block index m is omitted in what follows.

The transmit signal can be expressed using the equivalent
low-pass representation as

RV PS dj (t), SC,

1/ % Zgial d;(n)exp {j27rtNi}, OFDM,
(1

for t =0~ N.—1, where P; (= F,/Ts) denotes the source

transmit power. I/ and Ty denote the data-modulated symbol
energy and the symbol duration, respectively. After insertion

s5(t) =

TABLE I
NETWORK PROTOCOL.

First stage
S1, S2 — R

Second stage
R — 51, 59

of N,-sample guard interval (GI) the signal is transmitted over
a frequency-selective fading channel.

The signal propagates through the channel with a discrete-
time channel impulse response A, ;(7) given by

L—1
P g (T) = hum 36(r = 70), 2)
=0

where L, hy 4, 7 and 6(¢) denote the number of paths, the
path gain between the jth terminal 7; and relay at stage m
(m=0, 1), the time delay of the /th path and the delta function.
Without loss of generality, we assume 70 = 0 < 77 < -+ <
77,1 and that the /th path time delay is 7; = IA, where A (>
1) denotes the time delay separation between adjacent paths.
Stage I: The signal transmitted by the source terminals
during the first stage is given by Eq. (1). The received signal
at the relay terminal during the first stage may be represented
in the frequency domain as
R.(n
SQ(TL)HQQ(TL) -+ 51 (n)H[Ll (n) -+ NT (n),
do(ﬂ)HQo(TL) -+ d1 (n)H[Ll (n) -+ NT (n),

SC;
OFDM,

3)
forn =0~ N, —1, where S;(n), Hoy ;(n) and N, (n) denote
the Fourier transforms of the jth terminal’s (i.e., 7’s) transmit
signal, the channel gain between 7T); and 2 and the additive
white Gaussian noise (AWGN) having power spectral density
Ny, respectively.

Stage II: The relay terminal amplifies the received signal
(Eq. (3)) by a factor of /P, and retransmits the signal R,.(n)
in the time domain (i.e., this is equivalent as if N_-point IFFT
is applied to R, (n) before transmission) during the second
time slot. We assume that the sources and the relay transmit
with the same power (the source transmits with half of the
total available power.

At the jth terminal 7, an N -point FFT is applied to de-
compose the received signal into N, subcarrier (frequency, in
the case of SC-FDE) components represented by {R;(n); n=
0 ~N.—1}, where j € {0,1} (we define j € {0,1}, where
the bar over the expression signifies the unitary complement
operation (i.e., "lNOT” operation) that performs logical nega-
tion of the value under the bar). The jth terminal T’ receives
the relayed signal during the second stage represented as

R;(n) = R.(n)H1 ;(n) + N;j(n). (€))
The jth terminal removes its self information from the
received signal as
Ry(n) — { Rj(n) — Sj(n)Ho ;(n)Hi ;(n), SC; )
RJ(TL) - dj (H)HQJ' (H)HL]'(TL), OFDM.
Next we derive the equalization weights that are required

for SC-FDE transmission, while in the case of OFDM we
consider zero forcing (ZF) equalization.



B. FDE

One-tap equalization is done in the frequency domain to
combat the channel impairments. The equalized signal can be
represented as
Rj(n) = Rj(n)w;(n)

{ Sj(n)l?oj(n)lfll,j(n)JrHlﬂ(n)N (n)+ Nj(n), SC;
dj(n)Hq5(n) Hy j(n)+ Hy j(n) Ny (n)+N;(n) OFD(6M),
for n=0 ~N,.—1, where

Iffo,;(n) = Hy3(n)wg ;(n),

Hy j(n) = Hi j(n)wi,;(n), 7

]Sfj (n) = Nj(nJwo j(n)w ;(n),
NT(TL) =N, (n)wo’j (n)

In Eq. (6), w;(n) denotes the equalization weight at the jth
terminal 7.

The equalization weight for SC-FDE signaling is chosen
to minimize the mean square error (MSE) at nth frequency
as MSE;(n) — Elle;(n)[2| = E[|R;(n) — S;(n)[?]. Thus,
MSE;(n) term for SC-FDE signaling can be expressed as

L
MSEj(n) = = |Ho s (m)]* Ha,s () s ()]
No
g P el
NO 2 Es
g lw o
L
N 2TCNC%{E{HOJ(”)Hla(”)wj(n)} },(8)

where R{z} denotes the real part of the complex number z.

By solving %ﬁf)") 0, we obtain the equalization weights
as
Hg s (mH7 ;(n) SC:
) — |Hy 5 (n)H,j (n)|2+(|Ho 512+ H1 |24+ 1) (F2) 71 ’
wilm) = H o) OFDM
[Ho, 5 (n)H,; (n)]?? :
)

In the case of SC-FDE transmission N.-point IFFT is ap-
plied to Eq. (6) to obtain decision variables for data detection
[10], while for OFDM case Eq. (6) denotes the decision
variables. Finally, the log-likelihood ratio (LLR) is computed
and de-interleaving followed by Viterbi decoding is carried out
[12].

III. PERFORMANCE ANALYSIS

In this section, we first derive the expressions for conditional
signal-to-interference plus noise power ratio (SINR) and then,
the bit error rate (BER) expressions are presented. We assume
that relay terminal normalizes the received signal (Eq. (3))
by a factor of \/F[|R,(n)|?] so that the average energy is
unity, while the destination normalizes the received signal by
a factor of \/E[|R;(n)|?] (the normalization will not alter the
SINR, but it will assist theoretical derivations). We assume
ideal knowledge of the channel state information.

A. SINR

The decision variables at the jth terminal after equalization
can be expressed as

dj(n) L A A
{ di(n) H+1(n)+ 3000 [H,;(n) N (n)+ Nj(n)], SC;
Rj(n), OFDM,
(10)
where
H = 3= 000t Hy 5(n) Hy 5(n)
~ (11)

mw%z%&amﬁwmmmw—ﬂ.

In the above expression, I(n) denotes the residual ISI after
equalization. In the case of SC-FDE we assume that the
residual ISI after FDE can be approximated as a zero-mean
complex-valued Gaussian variable; the sum of the residual ISI
and noise due to the AWGN can be treated as a new zero-
mean complex-valued Gaussian noise with variance 202 =
2 7.51 + 20

Using Eqs. (10) and (12) the conditional SINR
~vilEs/No,{Hp j(n)}] at the jth terminal is represented by
Eq. (13).

B. BER

We assume all ”1” transmission without loss of generality
and quadrature phase shift keying (QPSK) data-modulation.
The conditional BER of the jth source terminal for the given
set of {H,, ;(n); n=0~N.—1} can be expressed as [9]

o 2 (s} | = 5 ProbRld; )] < Ol )]

5 ProbS{d; ()] < Ol Hywy(m))]

_ %erfc {\/i” <% {Hm,j(n)}ﬂ L (14)

where [z] and erfc[] denote the imaginary part of the
complex number z and complementary error function [9]. The
average BER at the jth source terminal can be numerically
evaluated by averaging Eq. (14) over all possible realizations
of {Ho ;(n), Hy i(n); n=0~N,—1} as

Pia| 2] = [+ [ on| 22 Attms} |t 1

deHm]

where ©[{H,, ;(n)}] is the joint probability density function
of {Ho’j(n), Hl’]’(n); n=>0 NNC—I}.

The evaluation of the theoretical average BER is done by
Monte-Carlo numerical computation method as follows. A set
of path gains {h,,;; | =0~ L—1} is generated using Eq.
(2) to obtain channel gains {H,, ;(n); n=0 ~ N.—1} and
then, {w;(n); n=0~N,—1} is computed using Eq. (9) for
each source terminal. The conditional BER as a function of the
average signal energy per symbol-to-AWGN power spectrum
density ratio F;/Ny is computed using Eq. (14) for the given

) (15)
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TABLE II
STMULATTON PARAMETERS.

Data modulation QPSK
Transmitter Block size N.=256
GI Ng=32
Channel L-path block Rayleigh fading with A=1
Receiver FDE. - MMSE, ZF
Channel Estimation Ideal

set of channel gains {H,, ;(n)}. This is repeated a sufficient
number of times to obtain the theoretical average BER given
by Eq. (15).

IV. SIMULATION RESULTS AND DISCUSSIONS

Simulation parameters are summarized in Table II. We
assume the system without knowledge of the channel state
information at the transmitters, but the perfect channel state
information at the receivers (i.e., relay and destinations). In
our computer simulation we assume N, = 256, GI length
of Ny, = 32 samples and ideal coherent QPSK data modu-
lation/demodulation with E|[|d;(¢)|*] = 1. For forward error
control we apply {(101), (111)} convolutional encoder [12]
with coding rate R=1/2 and constraint length 3 (each new
frame the state of the encoder is initialized before trans-
mission). At the receiver, a soft decision Viterbi decoder
is applied. The information bit sequence length is taken to
be M=1024 bits. The propagation channel is an . = 16-
path block Rayleigh fading channel, where {h; ., ;; [=0~
L — 1} are zero-mean independent complex variables with
E||ht,m.j1?] = 1/L. The path gains remain constant over one
N, data-modulated symbol block and vary block-by-block.
We assume that the maximum time delay of the channel is
less than the GI length (ie., L < N, with A = 1) and that
all paths in any channel are independent with each other.
The normalized Doppler frequency fpTs = 107, where
1/Ts = 1/[T.(1 + N4/N,.)] is the transmission symbol rate
is assumed (fpTs = 10~ corresponds to mobile terminal
moving speeds of 11 km/h for 5 GHz carrier frequency and
transmission data rate of 100 M symbols/s). No shadowing
loss and pathloss is assumed.

A. BER Performance

The BER performances of OFDM and SC-FDE as a func-
tion of the average signal energy per bit-to-AWGN power
spectrum density ratio /Ny (=0.5x R x (Es/Ng)x (1+
Ny/N.)) is illustrated in Fig. 3. The figure shows two cases:
(?) uncoded and (i7) coded BER performance.

It can be seen from Fig. 3(a) that the performance of
ANC based on SC with MMSE-FDE transmission improves
in comparison with OFDM; for BER=10"3, the E, /Ny gain
of about 10 dB is obtained. It can be seen further seen from
the figure that the Ej,/Ny gain further increase for a lower
BER. This performance improvement of SC-FDE is due to
frequency diversity gain achieved through MMSE-FDE in a
frequency selective fading channel [10]. The figure shows a
fairly good agreement between computer simulation results
and numerical analysis based on the Gaussian approximation
of the residual ISI after FDE. We note here that, unlike SC
with MMSE-FDE, OFDM system cannot achieve frequency
diversity gain unless channel coding is applied.

Figure 3(b), illustrates the channel coded ANC performance
of OFDM and SC-FDE in a frequency-selective fading chan-
nel. The figure shows that the ANC performance of both
OFDM and SC-FDE improves due to the channel coding gain.
The performance difference between SC-FDE and OFDM
is significantly reduced and it may be further reduced by
utilization of the coding techniques such as turbo codes or
low density parity check codes. This is left as interesting future
work.

B. Impact of Channel Frequency-selectivity

The performance of SC with MMSE-FDE depends on the
channel frequency-selectivity and thus, in this subsection we
investigate the effect of different propagation scenarios. The
channel frequency-selectivity is a function of the number of
paths I; as I decreases the channel becomes less frequency-
selective and when L =1 it becomes a frequency-nonselective
channel (i.e., single-path channel).

Figure 4 illustrates the dependency of BER performance
on the average F,/Np with the channel number of paths L
as a parameter. It can be seen from the figure that the BER
performance of SC-FDE degrades as I decreases. This is
because as I decreases the frequency diversity gain reduces. In
the case of L =1 (i.e., single path channel) the performance
of SC-FDE and conventional OFDM is the same. Note that
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OFDM system converts the frequency-selective channel into
a set of frequency-nonselective channels and thus, L will not
affect the performance at all (however, this is not the case if
channel coding is applied).

V. CONCLUSION

In this paper, we introduced the use of OFDM and SC-FDE
for bi-directional ANC transmission in a frequency-selective
fading channel. The equalization weight based on minimum
mean square error criteria was derived to obtain frequency
diversity gain in the case of SC-FDE signaling. It was shown
that uncoded SC-FDE system achieves better performance in
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Fig. 4. Impact of channel frequency-selectivity.

comparison with OFDM due to frequency diversity gain. On
the other hand, for coded transmission the performance of SC-
FDE and OFDM improves due to the channel coding gain. To
further improve the BER performance state of the art coding
techniques such as turbo codes or low density parity check
codes may be used.
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