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Abstract—In this paper, we propose a 2-step frequency-domain 
channel estimation scheme suitable for training sequence inserted 
single-carrier (TS-SC) block transmission using frequency-
domain equalization (FDE). In the first step, the received training 
sequence having cyclic property is constructed for frequency-
domain channel estimation to obtain the instantaneous channel 
estimate. Improved channel estimate is obtained by simply aver-
aging the instantaneous channel estimates over several blocks. In 
the second step, the maximum likelihood channel estimation is 
carried out iteratively by using both the estimated symbol se-
quence and the training sequence. The BER performance with 
the proposed frequency-domain channel estimation scheme is 
evaluated by computer simulation. It is shown that the proposed 
channel estimation scheme achieves a BER performance close to 
the perfect channel estimation. 

Keywords-component; Single-carrier, frequency-domain 
equalization, training sequence, channel estimation 

I.  INTRODUCTION 
Since the mobile wireless channel is composed of many 

propagation paths with different time delays, the channel be-
comes severely frequency-selective for broadband data trans-
missions. The bit error rate (BER) performance of single-
carrier (SC) transmission significantly degrades due to inter-
symbol interference (ISI) [1]. In a frequency-selective fading 
channel, one-tap frequency-domain equalization (FDE) based 
on the minimum mean square error (MMSE) criterion can im-
prove the BER performance of cyclic prefix inserted SC (CP-
SC) block transmission [2, 3]. 

CP-SC is a block transmission. Instead of CP insertion, a 
known training sequence insertion [4-6] can be used. The train-
ing sequence in the previous block acts as the CP in the present 
block. Furthermore, the training sequence can be utilized for 
channel estimation and therefore, no pilot block is needed un-
like CP-SC block transmissions. For MMSE-FDE, accurate 
estimation of channel transfer function is necessary. Some stu-
dies on channel estimation for training sequence inserted SC 
(TS-SC) block transmissions are found in [5, 7-8]. By using a 
training sequence of length equal to 2L symbols, where L de-
notes the channel length, the channel can be estimated by ex-
ploiting the circular property of the training sequence. However, 
the transmission efficiency reduces. 

In this paper, we propose a 2-step frequency-domain chan-
nel estimation scheme which requires a training sequence of 
length equal to L symbols. In the first step, the received train-
ing sequence having cyclic property is constructed for frequen-

cy-domain channel estimation to obtain the instantaneous 
channel estimate. Improved channel estimate is obtained by 
simply averaging the instantaneous channel estimates over sev-
eral blocks. Noise power is also estimated in the frequency-
domain. In the second step, the maximum likelihood channel 
estimation [9] is carried out iteratively by using both the esti-
mated symbol sequence and the training sequence. 

The remainder of this paper is organized as follows. In Sect. 
II, transmission system model of TS-SC with MMSE-FDE is 
presented. The proposed channel estimation scheme is present 
in Sect. III. In Sect. IV, the BER performance with the pro-
posed frequency-domain channel estimation scheme is eva-
luated by computer simulation. Sect. V offers some concluding 
remarks. 

II. TS-SC BLOCK TRASNMISSION WITH MMSE-FDE 

A. Transmission System Model 
Transmission system model of TS-SC using MMSE-FDE is 

illustrated in Fig. 1. Throughout the paper, symbol-spaced dis-
crete time representation is used. At the transmitter, informa-
tion bit sequence is transformed into a data-modulated symbol 
sequence. Then, the data-modulated symbol sequence is di-
vided into a sequence of symbol blocks of Nc symbols each. 
The m-th data symbol block is expressed using the vector form 
as d(m)=[d(m)(0),…,d(m)(n),…,d(m)(Nc−1)]T, where (.)T expresses 
the transposition. Before the transmission, a training sequence 
of length Ng (≥L) symbols is appended at the end of each block. 
The m-th block s(m)=[s(m)(0),…,s(m)(n),…,s(m)(Nc+Ng−1)]T to be 
transmitted is expressed using the vector form as 
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where u=[u(0),…,u(n),…,u(Ng−1)]T denotes the training se-
quence vector which is identical for all blocks. TS-SC block 
structure is illustrated in Fig. 2. The difference from CP-SC 
block transmission is that CP is replaced by training sequence. 
In order to let a training sequence to play the role of CP, block 
size for discrete Fourier transform (DFT) must be Nc+Ng sym-
bols for TS-SC block transmission. 

The signal block is transmitted over a frequency-selective 
fading channel. Channel estimation is carried out over NB re-
ceived symbol blocks, during which the channel gains are as-
sumed to stay constant. The received signal is transformed by 
Nc+Ng-point DFT into the frequency-domain signal and then, 
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MMSE-FDE is carried out. After MMSE-FDE, inverse DFT 
(IDFT) is applied to obtain the time-domain received signal 
block for data de-modulation. 
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Figure 1.  System model of TS-SC block transmission using MMSE-FDE. 
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Figure 2.  Block structure. 

B. Signal Representation 
The propagation channel is assumed to be a frequency-

selective fading channel composed of L distinct symbol-spaced 
propagation paths. The channel impulse response h(τ) is given 
by 

∑
−

=
τ−τδ=τ
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l
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where hl and τl are respectively the complex-valued path gain 
with 1][ 1

0

2 =∑ −

=

L

l lhE  and the time delay of the l-th path. We 
assume the l-th path has a time delay of l symbols, i.e. (τl=l). 
The m-th received signal block 
y(m)=[y(m)(0),…,y(m)(n),…,y(m)(Nc+Ng−1)]T can be expressed 
using the vector form as 

)()()( 2 mmm S zhsy += ,    (3) 

where S is the average received signal power, h is the 
(Nc+Ng)×(Nc+Ng) channel impulse response matrix given as 
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and z(m)=[z(m)(0),…,z(m)(n),…,z(m)(Nc+Ng−1)]T is the noise vec-
tor. The n-th element, z(m)(n), of z is the zero-mean additive 
white Gaussian noise (AWGN) having the variance 2N0/Ts with 
N0 and Ts being the one-sided noise power spectrum density 
and symbol duration, respectively. 

C. MMSE-FDE 
The frequency-domain signal block obtained by (Nc+Ng)-

point DFT Y(m)=[Y(m)(0),…,Y(m)(k),…,Y(m)(Nc+Ng−1)]T is ex-
pressed as 
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where FK is the DFT matrix of size K×K given by 
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S(m)=[S(m)(0),…,S(m)(k),…,S(m)(Nc+Ng−1)]T= )(m
NN gc

sF +  is the 
frequency-domain transmit symbol vector, 
Z(m)=[Z(m)(0),…,Z(m)(k),…,Z(m)(Nc+Ng−1)]T= )(m

NN gc
zF +  is the 

frequency-domain noise vector, and H
NNNN gcgc

S ++= hFFH 2  is 
the channel gain matrix. (.)H is the Hermitian transpose opera-
tion. Due to the circulant property of h, the channel gain matrix 
H is diagonal. The k-th diagonal element of H is given by 
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MMSE-FDE is carried out to obtain 
)()(ˆ mm WYY = ,    (8) 

where W=diag[W(0),…,W(k),…,W(Nc+Ng−1)] is the MMSE 
weight matrix. The k-th diagonal elemnent of W is given by [6] 
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where )(~ kH represents the channel gain estimate, ν~  is the 
noise power estimate, and (.)* denotes the complex conjugate 
operation.  

)(ˆ mY  is transformed into a time-domain symbol block 
)(ˆ ms by (Nc+Ng)-point IDFT to obtain the decision variable vec-

tor T
c

mmmm Nstss )]1(ˆ),...,(ˆ),...,0(ˆ[ˆ )()()()( −=d . 

III. 2-STEP FREQUENCY-DOMAIN CHANNEL ESTIMATION 
Figure 3 shows the block diagram of the proposed 2-step 

frequency-domain channel estimation scheme, which uses NB 
received symbol blocks. In the first step, only a received train-
ing sequence is used. The received training sequence having 
cyclic property is constructed for frequency-domain channel 
estimation to obtain the instantaneous channel estimate. Im-
proved channel estimate is obtained by simply averaging the 
instantaneous channel estimates over NB blocks. Noise power is 
also estimated. MMSE-FDE and tentative symbol decision are 
carried out to generate the NB transmitted symbol block replicas. 
Then, in the second step, the maximum likelihood channel es-
timation [9] is carried out iteratively by using both the esti-
mated symbol sequences and the training sequences to obtain 
improved channel estimate. 

A. First Step 
First, the received training sequence having the cyclic prop-

erty is constructed [10] by using first L−1 symbols and last Ng 
(≥L) symbols of the received signal block as 
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Eq. (10) can be rewritten by using the vector form as 



)()()( ~2~ mm
N

m
g

S ziuhy ++= ,   (11) 

where 
gNh  is the Ng×Ng channel impulse response matrix 

which has the circular property similar to Eq. (4) and i(m) is the 
ISI vector given by 
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      (12) 
where 0K,K is a zero matrix of size K×K. By applying Ng-point 
DFT to )(~ my , )(~ my  is transformed into the frequency-domain 
signal T

g
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where U=[U(0),…,U(q),…,U(Ng−1)]T= uF
gN  is the frequency-

domain representation for a training sequence and 
H
NNNN gggg

S FhFH 2=  is the channel gain matrix. The q-th 

(q=0~Ng−1) diagonal element of 
gNH  is given by 

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

+
τ

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +
π−=

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +
=

∑
−

= gc

l

g

gc
L

l
l

g

gc
N

NN
q

N
NN

jhS

q
N

NN
HqH

g

2exp2

)(

1

0

. 

      (14) 
The instantaneous channel gain estimates 

{ )/)(()0(
ggc NNNqH + ; q=0~Ng−1} are obtained as 
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Since the channel gains at frequency k=q(Nc+Ng)/Ng, q=0~Ng−1, 
can only be estimated, an interpolation technique is used to 
obtain Nc+Ng channel gains for performing MMSE-FDE. We 
apply the delay time-domain windowing technique [11]. First, 
Ng-point IDFT is applied to { )/)(()0(

ggc NNNqH + ; 
q=0~Ng−1} to obtain the channel impulse response estimate 
{ )(

~ )0( τh ; τ=0~Ng−1}. Then, Nc+Ng-point DFT is applied using 
{ )(

~ )0( τh ; τ=0~Ng−1} and filling zero’s for τ=Ng~Nc+Ng−1 to 
obtain { )(~ )0( kH ; k=0~Nc+Ng−1} as 
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where A(x) is given by 
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For performing MMSE-FDE, the noise power ν~  must be 

known. ν~  can be estimated as follows. First, the received train-
ing sequence { )(ny ; n=0~NBNg−1} of length of NBNg symbols 
is constructed as 
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where ⎣ ⎦x  represents the largest integer smaller than or equal 
to x. An NBNg-point DFT is applied to transform { )(ny ; 
n=0~NBNg−1} into NBNg frequency components { )( pY ; 
p=0~NBNg−1} as 
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where )( pI  and )( pZ  represent the interference component 
from the data symbol block and noise component. )( pU  is 
given by 
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{ )( pY ; p=0~NBNg−1, p≠NBq, q=0~Ng−1} contains the interfe-
rence component from the data symbol block and noise com-
ponent only. Therefore, )0(~ν  is obtained as 
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The above estimate contains the contribution from both the 
noise and the interference from the data symbol block. The 
interference from the data symbol block is due to the channel 
estimation error in the first step. 

B. Second Step 
The maximum likelihood channel estimation [9] is per-

formed iteratively by using both the estimated symbol se-
quences and the training sequences. Below, the i-th (i>0) itera-
tion stage is explained. The channel gain estimates { )()( kH i ; 
k=0~Nc+Ng−1} is obtained as 
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the transmit symbol block replica 
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soft symbol replica block [12-14]. 

In the i-th (i>0) iteration stage, the delay time-domain win-
dowing technique is used to reduce the noise. Nc+Ng-point 
IDFT is applied to { )()( kH i ; k=0~Nc+Ng−1} to obtain the 
channel impulse response estimate { )(

~ )( τih ; τ=0~Nc+Ng−1}. 
The channel impulse response is present only within the train-
ing sequence length, while the noise is spread over an entire 
delay-time range. Replacing )(

~ )( τih  with zero’s for 
Ng≤τ≤Nc+Ng−1 and applying Nc+Ng-point DFT, the improved 
channel gain estimates { )(~ )( kH i ; k=0~Nc+Ng−1} can be ob-
tained.  

ν~  is also obtained as [15] 
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It should be noted that )(~ iν  includes the contribution from the 
channel estimation error. 

A series of channel estimation, MMSE-FDE and soft deci-
sion is repeated a sufficient number of times. 

Ng-point DFT

Channel gains estimation

Delay time-domain windowing

NBNg-point DFT

Noise variance estimation

MMSE-FDE and symbol decision

Maximum likelihood channel estimation

Delay time-domain windowing Noise variance estimation

MMSE-FDE and symbol decision  
Figure 3.  2-step frequency-domain channel estimation. 

TABLE I.  COMPUTER SIMULATION CONDITION 

Transmitter 

Data modulation QPSK
Data symbol block 

length Nc=64 

Training sequence 
lengths Ng=16 

Training sequence Chu sequence [16]

Channel 
Fading type Frequency-selective block 

Rayleigh 

Power delay profile L=16 path uniform power 
delay profile 

Receiver 
Signal detection MMSE-FDE

Channel estimation 2-stage frequency-domain 
channel estimation 

IV. COMPUTER SIMULATION 
The BER performance with the proposed 2-step frequency-

domain channel estimation is evaluated by computer simulation. 

The simulation parameters are summarized in Table I. Quadra-
ture phase shift keying (QPSK) data modulation, Nc=64, Ng=16, 
and 16-path frequency-selective block Rayleigh fading channel 
having uniform power delay profile are assumed. Chu sequence 
[16] is used for the training sequence. 

Figure 4 plots the BER performance using 2-step frequen-
cy-domain channel estimation as a function of the average re-
ceived Eb/N0(=(Es/N0)(1+Ng/Nc)/2). Only one iteration is used 
(i.e., I=1). We have assumed the normalized Doppler frequency 
fDT(=fD(Nc+Ng)Ts)→0. It can be seen from Fig. 4 that the BER 
performance improves by increasing the number NB of the 
symbol blocks to be used. This is because as NB increases, the 
noise and interference from the data symbol block can be better 
suppressed. 

Figure 5 plots the BER performance using 2-step frequen-
cy-domain channel estimation with the number I of iterations 
as a parameter when NB=16. It can be seen from Fig. 5 that by 
increasing I, the BER performance improves and approaches 
that with perfect channel estimation. 
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Figure 4.  BER performance using 2-step frequency-domain channel 

estimation when I=1. 
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Figure 5.  BER performacne using 2-step frequency-domain channel 

estimation when NB=16. 
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Figure 6.  Required Eb/N0 for achieving BER=10−3. 
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Figure 7.  Impact of normalized Doppler frequency. 

Figure 6 plots the required Eb/N0 for achieving BER=10−2 
as a function of I. By increasing NB, smaller I can be used to 
reduce the Eb/N0 gap from the perfect channel estimation with-
in 0.5dB; it is I=1, 2, and 3 for NB=32, 16, and 8, respectively. 

So far, we have considered the case where the channel 
gains stay constant over the period of NB blocks (i.e., a quasi-
static fading). Below, we will consider the case where the 
channel gains stay constant over each block but vary block-by-
block. Figure 7 shows the impact of Doppler frequency on the 
average BER. Assuming 20MHz signal bandwidth at the carri-
er frequency 2GHz, the normalized Doppler frequency 
fDT=1×10−3 corresponds to a travelling speed of 135km/h. 
Three cases of (NB, I)=(32, 1), (16, 2), and (8, 3) are plotted 
(the Eb/N0 gap from the perfect channel estimation for achiev-
ing BER=10−3 is within 0.5dB). It can be seen from Fig. 7 that 
the BER is almost constant when fDT≤3×10−4, fDT≤9×10−4, and 
fDT≤1×10−3 for NB=32, 16, and 8, respectively. By increasing 
NB, smaller number of iterations can be used due to better sup-
pression of the noise and the interference from the data symbol 

block, but the BER starts to increase because the tracking abili-
ty against fading tends to be lost. When either (NB, I)=(16, 2) or 
(8, 3) is used, the proposed 2-step frequency-domain channel 
estimation achieves a performance close to the perfect channel 
estimation even in a fast fading environment. 

V. CONCLUSION 
In this paper, we proposed 2-step frequency-domain chan-

nel estimation scheme suitable for TS-SC block transmission 
with MMSE-FDE. It was demonstrated by the computer simu-
lation that the proposed channel estimation scheme achieves a 
BER performance close to the perfect channel estimation case. 
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