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Abstract—Accurate channel impulse response (CIR) is 
required for coherent detection and it also helps to improve the 
quality of service in next-generation wireless communication 
systems. Linear channel estimation methods, e.g., least square 
(LS), have been proposed to estimate the CIR. However, these 
methods never take advantage of the channel sparsity and they 
also cause performance loss. In this paper, we propose a sparse 
channel estimation method for multi-input multi-output 
orthogonal frequency-division multiplexing (MIMO-OFDM) 
amplify and forward two-way relay networks (AF-TWRN), to 
exploit the sparse structure information in the CIR for each user. 
Sparse channel estimation problem is formulated as compressed 
sensing (CS) using sparse decomposition theory and the 
estimation process is implemented by LASSO algorithm. 
Computer simulation results are given to confirm the superiority 
of the proposed method over the LS-based channel estimation. 

Keywords—sparse Channel Estimation; MIMO-OFDM; AF-
TWRN; compressed sensing (CS) 

I. INTRODUCTION 
Wireless communication technologies are developing 

rapidly due to the huge market promotion by the skyrocketing 
number of wireless users in last decades. So far, there has been 
three promising techniques for broadband wireless 
communications. The first technique is multiple antenna 
transmission. Multi-input multi-output (MIMO) is becoming 
one of the prevail techniques for enhancing the system capacity 
and combating multipath channel fading. The second technique 
is orthogonal frequency division multiplexing (OFDM) 
modulation which provides high spectral efficient and 
robustness to frequency-selective channel fading [1]. The third 
technique is two-way relay network (TWRN) that implements 
information exchange in two time slots. When comparing with 
four-time-slots traditional TWRN (see Fig. 1(a)) and three time 
slots physical-layer TWRN (see Fig. 1(b)) which achieve 
information exchange, two time slots TWRN (see Fig. 3(c)) 
can enhance system capacity by 66.7% and 100%, respectively. 
In addition, TWRN can also improve transmission range with 
limited transmit power [2]. Combining these three techniques 
together is a promising candidate technique for future advanced 

wireless communications. However, one of the key challenges 
is how to obtain accurate channel state information (CSI) 
which is needed for self-interference removal and coherent 
detection at each terminal. 

The decode-and-forward (DF)-based TWRN system needs 
channel estimation at both terminal and relay station for 
coherent detection. Channel estimation and signal modulation 
will cost high computation burden on the relay. In addition, 
channel estimation techniques in DF MIMO-OFDM-TWRN [3] 
can be borrowed from point-to-point MIMO-OFDM systems 
[4–8]. Unlike the DF model, the obvious advantage of AF is 
that it can alleviate the computational burden on the relay, i.e., 
the relay amplifies and forwards the signals received from both 
terminals. Due to the signaling rule, only the cascaded channels 
are necessary for self-interference removal and coherent 
detection at each terminal. Estimating the cascaded channels at 
each terminal mitigates the quantization error, reduces the 
computational burden at the relay and avoids further channel 
distortion from noise [9]. Traditional linear channel estimation 
methods, e.g, LS [10], are proposed for MIMO-OFDM AF-
TWRN . However, these methods do not take advantage of the 
inherent channel sparsity and hence cause performance loss.  

In this paper, we study the channel estimation in a cyclic 
prefix (CP)-based MIMO-OFDM TWRN. Specifically, we 
propose a novel approach to exploit the channel sparsity. We 
formulate the problem using compressed sensing (CS). At 
each terminal, equivalent training signal is constructed to 
probe equivalent channel vector using least absolute shrinkage 
and selection operator (LASSO) [11]. The performance of 
proposed method is evaluated by computer simulations. 

The remainder of this paper is organized as follows. A 
MIMO-OFDM AF-TWRN system model is described and 
problem formulation is given in Section II. In section III, the 
sparse channel estimation method is proposed and lower 
bound of estimation performance is derived. Computer 
simulation results are given in Section IV in order to evaluate 
and compare the performance of LS-based channel estimation 
method. Finally, we conclude the paper in Section V. 

               
(a)  Four time slots.                                            (b)  Three time slots.                                            (c) Two time slots. 

Fig. 1. Information exchange using different numbers of time slots in MIMO-OFDM AF-TWRN. 
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II. SYSTEM MODEL AND PROBLEM FORMUALTION 
As shown in Fig. 1(c), we consider a MIMO-OFDM AF-

TWRN in which two-time-slot information exchange between 
terminal ܂ଵ  and terminal ܂ଶ  with the help of relay ܀  is 
assumed. Both the terminals and the relay have ௧ܰ   and ௥ܰ 
antennas ( ௥ܰ ൒ ௧ܰ ), respectively. Assume that ܮ -length 
channel vectors between the ݊௧ -th antenna of terminals ܂௜, ݅ ൌ 1,2 and the ݊௥ -th antenna of relay ܀ are denoted by ܐ௡೟௡ೝ ൌ ሾ݄௡೟௡ೝሺ0ሻ, ݄௡೟௡ೝሺ1ሻ, … , ݄௡೟௡ೝሺܮ െ 1ሻሿ்   and ௡೟௡ೝࢍ ൌሾ݃௡೟௡ೝሺ0ሻ, ݃௡೟௡ೝሺ1ሻ, … , ݃௡೟௡ೝሺܮ െ 1ሻሿ் , respectively. Each 
channel vector is supported by ܭ  nonzero taps and ܭ ا ܮ . 
Suppose that each of the nonzero taps is modeled as a complex 
Gaussian random variable with zero mean and variance σ௛,௟ଶ  , 
and σ௚,௟ଶ , ݈ ൌ 0,1, … , ܮ െ 1 . In addition, ܐ௡೟௡ೝ  and ࢍ௡೟௡ೝ   are 
assumed to be invariant in the two time slots information 
exchange. At time ݐ, suppose that OFDM signal vectors are 
transmitted from the ݊௧ -th antenna of terminal ܂௜ , ݅ ൌ 1, 2 ҧ௡೟ܛ , ൌ ሾݏҧ௡೟ሺ0ሻ, ,ҧ௡೟ሺ1ሻݏ … , ҧ௡೟ሺܰݏ െ 1ሻሿ் and ܠത௡೟ ൌሾݔҧ௡೟ሺ0ሻ, ,ҧ௡೟ሺ1ሻݔ ௡೟ሺܰݔ ,… െ 1ሻሿ், respectively, where ܰ is the 
number of subcarriers and ݊௥ ൌ 1,2, . . , ௥ܰ. At the same time, 
the transmit power is assumed Eሾܛҧ௡೟ு ҧ௡೟ሿܛ ൌ ଵܲ  and Eሾܠത௡೟ு ത௡೟ሿܠ ൌ ଶܲ, respectively. 

 
A. MAC phase 

In the multi-access (MAC) phase shown in Fig. 2(a), inverse 
discrete Fourier transform (IDFT) is computed for frequency-
domain signal vectors ܛҧ௡೟ and ത௡೟ܠ . The resultant vectors, ܛ௡೟ ൌ ۴ுܛҧ௡೟  and ܠ௡೟ ൌ ۴ுܠത௡೟ , are then cyclic prefix (CP) 
padded with CP length ܮ஼௉ ൒ ሺܮ െ 1ሻ  to avoid inter-block 
interference (IBI). Here, ۴  is an ܰ ൈ ܰ  discrete Fourier 
transform (DFT) matrix where entries ௠݂௡ ൌ 1 ܰ⁄ ݁ି௝గ௠௡ ே⁄ , 

݉, ݊ ൌ 0,1, … , ܰ. After the CP removal, the received signal 
vector at the ݊௥-th antenna of ܀ for ݐ ൌ 1,2, … , ܶ is written as ܚ௡ೝ ൌ ∑ ۶௡೟௡ೝܛ௡೟ே೟௡೟ ൅ ∑ ۵௡೟௡ೝܠ௡೟ே೟௡೟ ൅ ௡ೝܢ ,        (1) 

for ݊௥ ൌ 1,2, . . . , ௥ܰ , where ۶௡೟௡ೝ  and ۵௡೟௡ೝ  are circultant 
matrices with the first columns equal to ሾܐ௡೟௡ೝ் , ૙ଵൈሺேି௅ሻሿ் , 
and ሾ܏௡೟௡ೝ் , ૙ଵൈሺேି௅ሻሿ், respectively. The additive noise vector ܢ௡ೝsatisfies ࣝࣨሺ૙ேൈଵ, σ௡ଶ ۷ேሻ. If we collect all received signal 
vectors ܚ௡ೝ  ݊௥ ൌ 1,2, … , ௥ܰ  at ܀ to form a ௥ܰܰ-length vector ܚ ൌ ሾܚଵ் , … , ,௡ೝ்ܚ … , ேೝ்ሿ்ܚ , then the received signal at relay in 
the MAC phase is written as ܚ ൌ ܛ۶ ൅ ܠ۵ ൅  (2)                               ,ܢ
where 

۶ ൌ ێێۏ
ۍ ۶ଵଵ        ۶ଶଵ     …       ۶ே೟ଵ۶ଵଶ        ۶ଶଶ     …       ۶ே೟ଶڭ                ڭ        … ۶ଵேೝ     ۶ଶேೝڭ                  …      ۶ே೟ேೝۑۑے

ې א ԧேೝேൈே೟ே,      (3) 

۵ ൌ ێێۏ
ۍ ۵ଵଵ        ۵ଶଵ     …       ۵ே೟ଵ۵ଵଶ        ۵ଶଶ     …       ۵ே೟ଶڭ           ڭ           … ۵ଵேೝ     ۵ଶேೝڭ                 …      ۵ே೟ேೝۑۑے

ې א ԧேೝேൈே೟ே,       (4) 

ܛ ൌ ሾܛଵ் , … , ௡೟்ܛ , … , ே೟்ܛ ሿ் א ԧே೟ேൈଵ,                     (5) ܠ ൌ ሾܠଵ் , … , ௡೟்ܠ , … , ே೟்ܠ ሿ் א ԧே೟ேൈଵ,                    (6) ܢ ൌ ሾܢଵ் , … , ௡ೝ்ܢ , … , ேೝ்ܢ ሿ் א ԧேೝேൈଵ.
                    

(7) 
According to Eq. (2), the received signal vector ܚ௡ೝ  is 
amplified by a positive coefficients ߚ which is given by ߚ ൌ ට ௉ೝே೟ ∑ ቀ஢೓,೗మ ௉భା஢೒,೗మ ௉మቁାேబಽషభ೗సబ ,    

                   

(8) 

where ௥ܲ  is relay’s amplify power which is given by Eሾܚҧ௡ೝு ҧ௡ೝሿܚ ൌ ௥ܲ . 

B. BC phase 
Because of system symmetry in TWRN, without loss of 

generality, we consider the broadcasting (BC) phase at ܂ଵ, as 
shown in Fig.2(b). Let ܡ௡೟ denote the received signal vectors 
at the ݊௧-th antenna at time ሺݐ ൅ ܶሻ. If we collect ௧ܰ received 
vectors ܡ௡೟  as ܡ ൌ ሾܡଵ் , ଶ்ܡ , … , ே೟்ܡ ሿ் , then received signal 
vector can be written as ܡ ൌ ܛ۶෩۶ߚ ൅ ܠ۶෩۵ߚ ൅ ܢ۶෩ߚ ൅  (9)                 ,ܞ
where 

۶෩ ൌ ێێۏ
ۍ ۶ଵଵ        ۶ଵଶ     …       ۶ଵேೝ۶ଶଵ        ۶ଶଶ     …       ۶ଶேೝڭ                ڭ        … ۶ே೟ଵ     ۶ே೟ଶڭ                  …      ۶ே೟ேೝۑۑے

ې א ԧே೟ேൈேೝே,      (10) 

ܞ ൌ ሾܞଵ் , ଶ்ܞ , … , ே೟்ܞ ሿ் א  ே೟ேൈଵ                        (11)׋
where ܞ௡೟  is a noise vector at the ݊௧ -th antenna of ܂ଵ , 
satisfying ܞ௡೟ א ࣝࣨሺ૙ேൈଵ,  ௡ଶ۷ேሻ. According to matrix theoryߪ
[12], circulant matrices ۶௡೟௡ೝ  and ۵௡೟௡ೝ , ݊௥ ൌ 1, 2, … , ௥ܰ , ݊௧ ൌ 1, 2, … , ௧ܰ, can be decomposed as 

                     
(a) MAC phase.                        (b)BC phase. 

Fig. 2. Information exchanges under TWNR. 

 
Fig. 3. Example of two individual channels and their cascaded ones. 
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۶௡೟௡ೝ ൌ ۴ு઩௡೟௡ೝ۴,                           (12) ۵௡೟௡ೝ ൌ ۴ு܃௡೟௡ೝ۴,                           (13) 
where ሺ·ሻுdenotes matrix Hermitian transition operation and 
above diagonal matrices are given by ઩௡೟௡ೝ ൌ diagሼܪ௡೟௡ೝሺ0ሻ, … , ,௡೟௡ೝሺ݊ሻܪ … , ௡೟௡ೝሺܰܪ െ 1ሻሽ,  (14) ܃௡೟௡ೝ ൌ diagሼܩ௡೟௡ೝሺ0ሻ, … , ,௡೟௡ೝሺ݊ሻܩ … , ௡೟௡ೝሺܰܩ െ 1ሻሽ.  (15) 
Based on the above analysis, it is easily found that the ݊-th 
diagonal entries ܪ௡೟௡ೝሺ݊ሻ in Eq. (14) and ܩ௡೟௡ೝሺ݊ሻ in Eq. (15) 
are obtained by    ܪ௡೟௡ೝሺ݊ሻ ൌ ∑ ݄௡೟௡ೝሺ݊ሻ݁ି௝ଶగ௡௟ ே⁄௅ିଵ௟ୀ଴ ௡೟௡ೝሺ݊ሻܩ (16)             , ൌ ∑ ݃௡೟௡ೝሺ݊ሻ݁ି௝ଶగ௡௟ ே⁄௅ିଵ௟ୀ଴ .            (17) 
Therefore, the product of ۶ߚ௡೟௡ೝ۶௡೟ᇲ௡ೝᇲ   and۵ߚ௡೟௡ೝ۶௡೟ᇲ௡ೝᇲ with 
respect to ݊௧, ݊௧ᇱ ൌ 1,2, … , ௧ܰ and ݊௥ ൌ 1,2, … , ௥ܰ  can also be 
written as ۶ߚ෩௡೟௡ೝ۶௡೟ᇲ௡ೝ ൌ ۴ுߚ઩௡೟௡ೝ઩௡೟ᇲ௡ೝ۴,                 (18) ۶ߚ෩௡೟௡ೝ۵௡೟௡ೝ ൌ ۴ுߚ઩௡೟௡ೝ܃௡೟௡ೝ۴.                (19) 

Hence, both ۶ߚ෩௡೟௡ೝ۶௡೟ᇲ௡ೝ  and ۶ߚ෩௡೟௡ೝ۵௡೟௡ೝ  are circulant 
matrices where their first columns are given by ሾߚሺܐ௡೟௡ೝ ௡೟ᇲ௡ೝሻ்  ૙ଵൈሺேିଶ௅ାଵሻሿ்ܐכ  and ሾ ߚሺܐ௡೟௡ೝ כ  ௡೟௡ೝሻ்  ૙ଵൈሺேିଶ௅ାଵሻሿ் , respectively, where ‘*’ denotes convolutionࢍ
operator between two channel vectors. Based on this 
observation, when the ݊ଵ-th row vector of ۶ߚ෩ multiplies with 
the ݊ଶ -th column vector of ۶ , ݊௧, ݊௧ᇱ ൌ 1,2, … , ௧ܰ , we can 
obtain an equivalent (2L-1)-length cascaded  channel  vector ܙ௡೟ᇲ௡೟ ؜ ሾݍ௡೟ᇲ௡೟ሺ0ሻ, … , ,௡೟ᇲ௡೟ሺ݈ሻݍ … , ܮ௡೟ᇲ௡೟ሺ2ݍ െ 2ሻሿ்  which is 
given by ܙ௡೟ᇲ௡೟ ؜ ߚ ∑ ௡೟௡ೝܐ כ ௡೟ᇲ௡ೝேೝ௡ೝୀଵܐ  .                     (20)  

Because of the symmetry of two MIMO channel matrices, we 
can easily find their symmetry relationship, that is, ܙ௡೟ᇲ௡೟ ൌܙ௡೟௡೟ᇲ . Hence, the product β۶෩۶  is equivalent to provide ሺ ௧ܰଶ ൅ ௧ܰሻ 2⁄   independent ሺ2ܮ െ 1ሻ -length composite 
channel vectors ܙ௡೟ᇲ௡೟  with ݊௧, ݊௧ᇱ ൌ 1, 2, … , ௧ܰ . Note that ሺ ௧ܰଶ ൅ ௧ܰሻ 2⁄ ൏ ௧ܰଶ  if ௧ܰ ൐ 1.  By virtual of the duplication 
matrix property [13] on sparse channel estimation, the 
complexity reduces, especially in the case of a relatively large 
scale communication system. Mathematically speaking, the 
computational complexity reduces to Oሺሺ ௧ܰଶ ൅ ௧ܰሻ 2⁄ ሻ rather 
than Oሺ ௧ܰଶሻ , where Oሺ·ሻ  denotes the calculation metric of 
complexity. Due to independence between the two MIMO 
channel matrices ۶෩  and ۵ , hence, ۶ߚ෩۵  is equivalent to 
generate ௧ܰଶ  independent  (2L-1)-length cascaded channel 
vectors ܘ௡೟௡೟ᇲ ؜ ሾ݌௡೟௡೟ᇲሺ0ሻ, …, ,௡೟௡೟ᇲሺ݈ሻ݌  … , ܮ௡೟௡೟ᇲሺ2݌ െ2ሻሿ்with respect to ݊௧, ݊௧ᇱ ൌ 1, 2, … , ௧ܰ, where 

௡೟௡೟ᇲܘ ؜ ߚ ∑ ௡೟௡ೝܐ כ ௡೟ᇲ௡ೝேೝ௡ೝୀଵࢍ .                        (21) 

If we define ۴෨ ൌ ۷ே೟ ٔ ۴ א ே೟ேൈேೝே׋ , where ‘ ٔ ’ denotes 
Kronecker product and ۷ே೟  denotes an ௧ܰ ൈ ௧ܰ identity matrix, 
the received signal ܡ in Eq. (9) is transformed to frequency-
domain using DFT matrix ۴෨, then, we have  ܡത ൌ ۴෨۶ߚ෩۶۴෨ுܛҧ ൅ ۴෨۶ߚ෩۵۴෨ுܠത ൅  ത,                (22)ܞ
where ܞത ൌ ۴෨۶ߚ෩ܢ ൅ ۴෨ܞ denotes composite noise vector at the ܂ଵ . According to Eq. (18) and (19), ۴෨۶ߚ෩۶۴෨ு  and ۴෨۶ߚ෩۵۴෨ு 
can be given in Eq. (23) and (24),  ۴෨۶ߚ෩۶۴෨ு ൌ 

ێێۏ
ۍێ ∑ ઩ଵ௡ೝ઩ଵ௡ೝேೝ௡ೝୀଵߚ         ∑ ઩ଵ௡ೝ઩ଶ௡ೝேೝ௡ೝୀଵߚ     …       ∑ ∑઩ଵ௡ೝ઩ே೟௡ೝேೝ௡ೝୀଵߚ ઩ଶ௡ೝ઩ଵ௡ೝேೝ௡ೝୀଵߚ         ∑ ઩ଶ௡ೝ઩ଶ௡ೝேೝ௡ೝୀଵߚ     …       ∑ ∑ڭ                         ڰ                          ڭ                                    ڭ઩ଶ௡ೝ઩ே೟௡ೝேೝ௡ೝୀଵߚ ઩ே೟௡ೝ઩ଵ௡ೝேೝ௡ೝୀଵߚ      ∑ ઩ே೟௡ೝ઩ଶ௡ೝேೝ௡ೝୀଵߚ     …      ∑ ઩ே೟௡ೝ઩ே೟௡ೝேೝ௡ೝୀଵߚ ۑۑے

 (23)   ,ېۑ

۴෨۶ߚ෩۵۴෨ு ൌ
ێێۏ 

ۍێ ∑ ୀ૚࢘࢔࢘ࡺ࢘࢔૚܃࢘࢔઩૚ࢼ         ∑ ୀ૚࢘࢔࢘ࡺ࢘࢔૛܃࢘࢔઩૚ࢼ     …       ∑ ∑ୀ૚࢘࢔࢘ࡺ࢘࢔࢚ࡺ܃࢘࢔઩૚ࢼ ୀ૚࢘࢔࢘ࡺ࢘࢔૚܃࢘࢔઩૛ࢼ         ∑ ୀ૚࢘࢔࢘ࡺ࢘࢔૛܃࢘࢔઩૛ࢼ     …       ∑ ∑ڭ                         ڰ                          ڭ                                    ڭୀ૚࢘࢔࢘ࡺ࢘࢔࢚ࡺ܃࢘࢔઩૛ࢼ ୀ૚࢘࢔࢘ࡺ࢘࢔૚܃࢘࢔࢚ࡺ઩ࢼ      ∑ ୀ૚࢘࢔࢘ࡺ࢘࢔૛܃࢘࢔࢚ࡺ઩ࢼ     …      ∑ ୀ૚࢘࢔࢘ࡺ࢘࢔࢚ࡺ܃઩࢘࢔࢚ࡺ઩ࢼ ۑۑے
 (24)  ,ېۑ

respectively. If we define both ܁௜ ൌ diagሺܛҧ࢏ሻ  and ܆௜ ൌdiagሺܠത࢏ሻ as ܰ ൈ ܰ  diagonal matrices, and collect all cascaded 
channel vectors as ܙ ଵଵ்ܙሾ؜ , … , ଵே೟்ܙ , ଶଶ்ܙ , … , ଶே೟்ܙ , … , ே೟మ்ܙ ሿ் and ܘ ؜ ሾܘଵଵ் , … , ே೟ଵ்ܘ , ଵே೟்ܘ ,… , … , ே೟మ்ܘ ሿ் , then two equivalent training signal matrices 
can be written in Eq. (25) and (26) respectively, where ۴ଶ௅ିଵ 
is partial DFT matrix by extracting the first (2 1)L− -columns 
of ۴. 

Then the received signal model in Eq. (22) can be 
reformulated as ܡത ൌ ܙ܁ ൅ ܘ܆ ൅ തܞ ൌ ܊۲ ൅  ത,                       (27)ܞ
where ۲ ൌ ሾ܁,  ሿ denotes the equivalent training matrix which܆
combines two training signal matrices ܁  of ௧ܰܰ ൈሺ2ܮ െ 1ሻ ௧ܰሺ ௧ܰ ൅ 1ሻ 2⁄   sizes and ܆  of ௧ܰܰ ൈ ሺ2ܮ െ 1ሻ ௧ܰଶ 
sizes, ܊ ൌ ሾ்ܙ, ሿ்்ܘ

 denotes the overall channel vector 
including ܙ   and ܘ . At the receive side of ܂ଵ , channel 
estimator ܙ   is used to remove self-data interference and 
channel estimator ܘ  is applied to extract other users’ data 
information at ܂ଵ.  

According to the system model in Eq. (27), it is easily 
understood that the main objective of this paper is to estimate 
the overall channel vector ܊  using the composite training 
signal matrix ۲. With respect to Eq. (27), LS based channel 
estimator ܊௅ௌ can be computed by ܊௟௦ ൌ ሺ۲ு۲ሻି૚۲ுܡത ൌ ܊ ൅ ሺ۲ு۲ሻି૚۲ுܞത.             (28) 
Since the noise variance of ܞത is given by 

܁ ൌ ێێێۏ
ۍ ଵ۴ଶ௅ିଵ܁ ଶ۴ଶ௅ିଵ૙ேൈሺଶ௅ିଵሻ܁ ଵ۴ଶ௅ିଵ܁ ଷ۴ଶ௅ିଵ܁ ଶ۴ଶ௅ିଵ܁… ڭ… ૙ேൈሺଶ௅ିଵሻ૙ேൈሺଶ௅ିଵሻ ڰ … ૙ேൈሺଶ௅ିଵሻ ڰ ଵ۴ଶ௅ିଵ܁ 

ே೟۴ଶ௅ିଵ܁ ૙ேൈሺଶ௅ିଵሻ܁ே೟ିଵ۴ଶ௅ିଵ ே೟۴ଶ௅ିଵ܁ ૙ேൈሺଶ௅ିଵሻ ૙ேൈሺଶ௅ିଵሻ૙ேൈሺଶ௅ିଵሻ ڭڭ ଶ۴ଶ௅ିଵ܁ڰ  … ڰ ૙ேൈሺଶ௅ିଵሻ܁ே೟ିଵ۴ଶ௅ିଵ ே೟۴ଶ௅ିଵ܁  ۑۑۑے
ې
,                           (25) 

܆ ൌ ێێۏ
ۍ ଵ۴ଶ௅ିଵ܆ ૙ேൈሺଶ௅ିଵሻ૙ேൈሺଶ௅ିଵሻ ଵ۴ଶ௅ିଵ܆  ૙ேൈሺଶ௅ିଵሻ ૙ேൈሺଶ௅ିଵሻ ૙ேൈሺଶ௅ିଵሻ ڭڭ ૙ேൈሺଶ௅ିଵሻ૙ேൈሺଶ௅ିଵሻ ڰ … ૙ேൈሺଶ௅ିଵሻ ૙ேൈሺଶ௅ିଵሻ ଵ۴ଶ௅ିଵ܆

… …ே೟۴ଶ௅ିଵ܆  ૙ேൈሺଶ௅ିଵሻ ૙ேൈሺଶ௅ିଵሻ ૙ேൈሺଶ௅ିଵሻ܆ே೟۴ଶ௅ିଵ ڭڭ …ڰ ૙ேൈሺଶ௅ିଵሻ ૙ேൈሺଶ௅ିଵሻ …ڰ ૙ேൈሺଶ௅ିଵሻ
     ૙ேൈሺଶ௅ିଵሻ  ڭ       ૙ேൈሺଶ௅ିଵሻ      ܆ே೟۴ଶ௅ିଵ ۑۑے

ې
,                    (26) 



Eሼܞതுܞതሽ ൌ ଴ܰ൫ߚଶ ௥ܰ ∑ ௛,௟ଶ௅ିଵ௟ୀ଴ߪ ൅ 1൯,                    (29) 
then the average MSE of LS channel estimator ܊௅ௌ is given by MSEሼ܊௟௦ሽ ൌ ଴ܰ൫ߚଶ ௥ܰ ∑ ௛,௟ଶ௅ିଵ௟ୀ଴ߪ ൅ 1൯Traceሼሺ۲ு۲ሻି૚ሽ.

  

(30) 
It is known that the training matrix ۲  has ௧ܰ ሺ3 ௧ܰ ൅ 1ሻሺ2ܮ െ 1ሻ 2⁄  columns that are normalized in a 
way such that ԡ۲ԡிଶ ൌ ௧ܰ ሺ3 ௧ܰ ൅ 1ሻሺ2ܮ െ 1ሻ 2⁄ , where  ԡ·ԡி 
denotes the Frobenius norm. Optimal training design for LS-
based channel estimation method is subject to ۲ு۲ ൌ۷ே೟ሺଷே೟ାଵሻሺଶ௅ିଵሻ ଶ⁄ . Hence, we have Traceሺ۲ு۲ሻ ൌ ԡ۲ԡிଶ ൌ ௧ܰ ሺ3 ௧ܰ ൅ 1ሻሺ2ܮ െ 1ሻ 2⁄ ,      (31) 
where Traceሺۯሻ is defined to be the sum of the elements on 
the main diagonal of matrix ۯ . According to arithmetic–
harmonic means inequality, lower bound for the LS channel 
estimation error can be derived as MSEሼ܊௟௦ሽ   ൒ ଴ܰ൫ߚଶ ௥ܰ ∑ ௛,௟ଶ௅ିଵ௟ୀ଴ߪ ൅ 1൯ሺ ௧ܰ ሺ3 ௧ܰ ൅ 1ሻሺ2ܮ െ 1ሻ 2⁄ ሻଶTraceሼ۲ு۲ሽ  ൌ ଴ܰ൫ߚଶ ௥ܰ ∑ ௛,௟ଶ௅ିଵ௟ୀ଴ߪ ൅ 1൯ ሺ3 ௧ܰ ൅ 1ሻሺ2ܮ െ 1ሻ 2⁄ .    (32) 

From the derivation in Eq. (32), the lower bound of LS can be 
written as MSEሼ܊௅ௌሽ~ࡻሺ ଴ܰ, ∑ ௛,௟ଶ௅ିଵ௟ୀ଴ߪ , ,ߚ ௥ܰ, ௧ܰ ,  ,ሻ. Generallyܮ
linear channel estimation methods, e.g., LS, emphasize on 
optimal training design to improve the estimation performance 
while neglect the inherent sparsity of channel. 

III. SPARSE CHANNEL ESTIMATION 
According to the CS [14], [15], accurate sparse channel 

estimation requires that training signal matrix D  be satisfied 
restricted isometric property (RIP) [16] in high probability. 
Hence, according to the system model in Eq. (27), optimal 
sparse channel estimator ܊௢௣௧  can be given by ܊௢௣௧ ൌ argmin܊ ቄଵଶ ԡ۲܊ െ തԡଶଶܡ ൅  ԡ଴ቅ,              (33)܊ԡߣ

where ԡ܊ԡଶ denotes the Euclidean norm which is given  by ԡ܊ԡଶଶ ൌ ∑ |ܾ௜|ଶ௜ , ԡ܊ԡ଴  denotes the zero-norm operator which 
counts their nonzero taps and λ is the regularization parameter 
which trades off the estimation error and sparseness of the 
channel. Assume the position sets of all channel taps of  ܊  is ષ and its nonzero taps set is Γ. The number of nonzero taps of ܊ is ܶ, then the lower bound of sparse channel estimator is 
derived by MSE൛܊௢௣௧ൟ ൌ ଴ܰ൫ߚଶ ௥ܰ ∑ ௛,௟ଶ௅ିଵ௟ୀ଴ߪ ൅ 1൯Traceሼሺ۲୻ு۲୻ሻି૚ሽ         

          ൒ ேబ൫ఉమேೝ ∑ ఙ೓,೗మಽషభ೗సబ ାଵ൯்T୰ୟୡୣ൛۲ ಹ۲ ൟ                                                ൌ ଴ܰ൫ߚଶ ௥ܰ ∑ ௛,௟ଶ௅ିଵ௟ୀ଴ߪ ൅ 1൯ܶ,                            (34) 

where Traceሼ۲୻ு۲୻ሽ ൌ ۷் denotes the optimal signal training 
for sparse channel estimation. Comparing Eq. (34) with Eq. 
(32), we can find that the lower bound of optimal channel 
estimator depends on ܶ  rather than overall channel length ௧ܰሺ3 ௧ܰ ൅ 1ሻሺ2ܮ െ 1ሻ 2⁄  of ܊. If we can estimate positions of 
nonzero taps of ܊, then sparse channel estimation performance 

could be improved.  Since solving the optimal sparse channel 
estimation in Eq. (33) is NP hard problem [15]. Hence, it is 
necessary to develop alternative suboptimal sparse channel 
estimation method.  

In this paper, we propose a sparse channel estimation 
method for MIMO-OFDM AF-TWRN and it is implemented 
by LASSO algorithm [11]. Given an equivalent training 
matrix D  and a received signal vector  ܡത  , LASSO based 
sparse channel estimator ܊஼ௌ can be obtained ܊௖௦ ൌ argmin܊ ቄଵଶ ԡ۲܊ െ തԡଶଶܡ ൅  ԡଵቅ,               (35)܊ԡߣ

where ԡ܊ԡଵ   denotes ܮଵ -norm which is given by ԡ܊ԡଵ ൌ∑ |ܾ௜|௜ . In a practical system, accurate number of nonzero 
channel taps is unknown. Hence, to obtain an accurate sparse 
channel estimation, effective training signal design is required. 
In accordance with the CS [14], [15], two training design 
methods, i.e., random Gaussian and random binary, are 
considered for computer simulation to evaluate our method.  

IV. COMPUTER SIMULATION 

In this section, we present the simulation results to evaluate 
sparse channel estimation method in MIMO-OFDM AF-
TWRN. Here we compare the performance of the proposed 
estimator with LS-based channel estimator and adopt 100 
independent Monte-Carlo runs for averaging. The number ሺ ௧ܰ, ௥ܰሻ of transmitter/relay pairs are considered three cases: ሺ2,2ሻ, ሺ2,4ሻ  and ሺ4,2ሻ . All of the channel vectors have the 
same length ܮ ൌ 16 and ܭ ൌ 1,2,3,4,5,6, and its positions of 
nonzero channel taps are randomly generated. Training signal 
length of each antenna is set as ܰ ൌ 32 to ensure ܰ ൒ ܮ2 െ 1. 
Transmit power is set as ଵܲ ൌ ଶܲ ൌ ܲ  and relay power is 
allocated as ௥ܲ ൌ 2ܲ . The signal to noise ratio (SNR) is 
defined as 10log ሺ ௥ܲ ⁄௡ଶߪ ሻat relay and 10log ሺ ௜ܲ ⁄௡ଶߪ ሻ, ݅ ൌ 1,2 
at transmitter, respectively. 

Random Gaussian training is considered in Figs. 4 and 5, 
and random binary training is considered in Figs. 6 and 7. 
From the four figures, we can find that the proposed sparse 
channel estimator is better than the LS one. In addition, the 
four figures show that LS channel estimator depends on 
channel length while the proposed one relies on nonzero 
number K  of channel. Note that the lower bound is given by 
ideal LS channel estimator which knows the positions of 
nonzero taps of the channel. In four experiments, the proposed 
sparse method works well on different number of nonzero taps 
of channel. However, for sparser channel estimation, more 
sparsity can be exploited. In other words, much better 
performance can be achieved. For example assuming ܭ ൌ 1, 
the proposed sparse channel estimator approaches to lower 
bound. On the contrary, channel is approximate sparse, e.g., ܭ ൌ 6, the performance advantage of the proposed method is 
no longer obvious. When ܭ ൌ ܮ ൌ 16, the proposed sparse 
channel estimator reduces to LS one. Because single channel 
vector between each pair of antennas is not exactly sparse, it 
will incur more number of nonzero taps in the cascaded 
channel. Hence, the proposed method can only work well in 
very sparse channel and when their cascaded channel is also 
satisfying sparse. 



V. CONCLUSION 
In this paper, we proposed a sparse channel estimation 

method which can exploit the extra knowledge of sparse 
structure as for prior information and hence it can increase the 
spectral efficiency or enhance the estimation performance 
when compared with traditional methods. Computer 
simulation results showed the performance advantages of our 
proposed method over LS based on the MSE standard. 
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Fig. 4. Performance comparison versus SNR.                                                       Fig.6. Performance comparison versus SNR. 
 

                                 

Fig. 5. Performance comparison versus SNR.                                             Fig. 7. Performance comparison versus SNR. 
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