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Abstract—A closed form formula is derived for the bit error rate
(BER) of orthogonal-frequency-division-multiplexing (OFDM)
with -ary differential-phase-shift-keying (MDPSK) systems
in frequency-selective Rayleigh and Rician fading channels with
diversity reception. New BER curves are obtained as a function of
the rms delay spread of the diffused component for three different
types of delay profiles: 1) one-sided exponential, 2) uniform and
3) double spike profiles. Both slow and fast fading conditions are
considered. It is shown that the existence of a strong line-of-sight
(LOS) component and the use of reception diversity can effectively
improve transmission performance.

Index Terms—Bit error rate, delay spread, Doppler shift,
frequency-selective Rician fading, MDPSK modulation, OFDM
system.

I. INTRODUCTION

M OBILE radio communication systems are increasingly
required to provide a variety of high-quality multimedia

services to mobile users. To meet these demands, modern mo-
bile radio transceiver systems must be able to support high ca-
pacity and variable bit rate information transmission and with
high bandwidth efficiency to conserve the limited spectrum re-
source. However, in the mobile radio environment, signals are
usually impaired by fading and multipath delay phenomenon.
In such channels, severe fading of the signal amplitude and
inter-symbol-interference (ISI) due to the frequency-selectivity
of the channel lead to an unacceptable degradation of the error
performance.

Adaptive equalization techniques have been widely used in
the single carrier mobile communication systems to combat
fading and multipath delay effects. However, long time delays,
i.e., several symbols, requires very complex equalization
process (Viterbi equalization requires state Viterbi al-
gorithm, where is the number of modulation levels andis
the number of ISI symbols), and because of the high cost of the
hardware, there are practical difficulties to use this technique in
system operating at high bit rates, e.g., up to several megabits
per second.
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In recent years, an innovative so-called orthogonal-fre-
quency-division-multiplexing (OFDM) modulation scheme
has been found effective for the transmission of high bit rate
signals in multipath fading environment. The main feature of
OFDM systems is the avoidance of multipath delay induced
ISI. This is done by sending the data in parallel on a number of
narrowband ISI-free subchannels. In such a system, although
each subchannel operates at a low data rate to avoid the channel
frequency-selectivity, the high total data rate can be achieved
by using multiple carriers.

In an OFDM system, IFFT and FFT processing are used in
the modulation and demodulation of the signals. One important
attribute of this scheme is the spreading of a fade over many bits.
Rather than having a few adjacent bits completely destroyed, we
now have all the bits only slightly affected by a fade.

Moreover, the ISI can be almost completely avoided by
adding a guard interval to each block of the data, provided the
guard interval is longer than the maximum multipath delay
of the channel. Nevertheless, the assumption that the guard
interval is longer than the maximum multipath delay cannot
always be satisfied. For a system with a fixed guard interval,
the system may be degraded if the channel changes from the
assumed condition. This case may happen in any mobile radio
communications system, because the maximum delay may
vary.

A scheme in which each carrier of the OFDM signal is mod-
ulated with -ary differential-phase-shift-keying (MDPSK),
so-called OFDM-MDPSK system has been standardized in
the terrestrial digital audio broadcasting (DAB) system by the
European Telecommunications Standards Institute (ETSI) [8].
Okadaet al. [1] theoretically studied the bit error rate (BER)
performance of OFDM-MDPSK system in Rayleigh fading
and considered the time selective fading effects separately from
frequency selective delay spread effects. In [2], Saitoet al.
present simulation and experimental results mainly concerning
the performance of the OFDM-DQPSK system in the presence
of various disturbances such as nonlinearity of the channel,
multipath (ghost) signals, and interference from analog signals.

In this paper, we theoretically analyze the BER performance
of the OFDM-MDPSK system in frequency-selective Rician
fading channels with diversity reception. Rician fading model
is suitable for suburban areas where a line-of-sight (LOS) path
often exists. This may also be true for microcellular or pico-
cellular system with cells of less than several hundred meters
in radius. Rician fading is characterized by thefactor which
is the power ratio of the LOS and the diffused components. It
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Fig. 1. Block diagram of the OFDM-MDPSK system.

represents Rayleigh fading when , and no fading when
. Rician fading, thus, can be considered a general

fading model for land mobile channels. We evaluate the error
performance of each subcarrier of the OFDM system by using
Proakis’ analysis for the error probability for multichannel bi-
nary signals (see [3 Appendix B]). We then obtain the overall
system performance by averaging the error rate of each sub-
carrier over the entire subchannel assembly. In the BER per-
formance evaluation, both slow and fast fading conditions are
considered with maximum ratio combining (MRC) diversity re-
ception. Although only three different types of power delay pro-
files of the diffused component [one-sided exponential, uniform
and double spike] are analyzed, the method presented here ap-
plies to any shape of power delay profiles.

The OFDM-MDPSK transceiver system and the fading
channel model are described in Section II. The BER per-
formance is analyzed in Section III for slow and fast fading
conditions. In Section IV, BER expressions for three different
power delay profiles are derived. Section V presents the error
probability curves and discusses the effects of delay spread,
Doppler shift, Rician factor, order of the diversity reception on
the bit error probability.

II. OFDM-MDPSK TRANSCEIVERSYSTEM AND FADING

CHANNEL MODEL

The block diagram of the OFDM-MDPSK system is shown
in Fig. 1. This system is similar to the transceiver model pre-
sented in [1], [2]. The serial binary information sequence is

first grouped into -bit symbols, and assigned as
for the th symbol in the th subchannel, where

is one of the possible differential phases chosen from the
constellation set using Gray
bit mapping. These ’s are then parallelized by the serial-to-
parallel (S/P) converter into the subchannels. In each sub-
channel, the MDPSK encoder encodes each as

where one initial can be chosen arbitrarily,
e.g., . For a certain , the outputs of the MDPSK
encoder are such ’s which represent a multitone block.
Then the inverse discrete Fourier transform (IDFT) is performed
on the multitone block symbols. A guard interval, which is
used to reduce the interference effect caused by multipath de-
lays, is added to each multitone block. After passing through a
digital-to-analog (D/A) converter and a low pass filter (LPF), the
signal is multiplied by a local radio frequency (RF) carrier and
filtered by a band-pass filter (BPF) to generate the transmitted
signal, which can be expressed in complex form as

(1)

Here, is the frequency of the th carrier and
is the lowest carrier frequency. is the block du-

ration with and being the guard interval duration and the
observation period, respectively. is a symbol pulse wave-
form defined as [1]

for
elsewhere.

(2)
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Here, the D/A conversion, the low-pass filtering, up-conversion
to RF signals and subsequent band-pass filtering are assumed to
be ideal.

The transmitted RF signal is subjected to frequency-se-
lective Rician fading and additive white Gaussian noise
(AWGN). The signal at theth receiver branch output can be
written as [1]

(3)

where is a complex Gaussian noise process and is
the th channel response at timeto an impulse applied at .
For the frequency-selective Rician fading channels considered
here, is modeled as a LOS plus independent Rayleigh
fading paths as

(4)

where
Dirac delta function;
independent zero-mean complex-valued
Gaussian random processes with unity power
[i.e., ] and power spectral
density
power of the LOS signal;

and power and delay of theth diffused multipath
component, respectively.

It is assumed that . The total power of
the diffused multipaths is and the Rician factor of the channel
is thus given by

where

(5)

At the receiver, the received RF signal undergoes band-pass
filtering, down conversion to baseband, low-pass filtering and
analog-to-digital (A/D) conversion. These signal processing op-
erations are assumed to be ideal also. The sampling times are
ideally locked to the LOS component and the signal is received
by an uncorrelated-branch diversity receiver with MRC. After
the fast Fourier transform (FFT) operation, the output of theth
subchannel at time for the th receiver branch can be
obtained as

(6)

Finally, the differential detector of each subchannel uses the
variable to de-
cide which one of the symbols was transmitted [3]. Then the
parallel-to-serial (P/S) converter rearranges the decoded parallel
data into the original binary bits for theth multitone block.

III. BER PERFORMANCE

In this section, the BER for the OFDM-MDPSK system in
frequency-selective Rician fading channels with diversity recep-
tion is developed.

By substituting (1) and (4) into (6), the output of the FFT
processor for theth branch, th multitone block and th sub-
channel, , can be written as

(7)

where

(8)

where is the number of paths whose delay are less than.
In (7), the first term represents the desired LOS signal. The
second term represents the multipath components. The third
term represents the interference from other subchannels in
one multitone block, which can be called inter-channel interfer-
ence (ICI). The fourth term represents the interference from
the previous multitone block, which can be called intersymbol
interference (ISI). are statistically independent Gaussian
random noise components with zero mean and one-sided power
spectral density .

It is to be noted that in (8), is a zero mean complex
Gaussian process, so that, and , which are the results
of linear operations on , are Gaussian random variables.
Therefore, in (7) is also a Gaussian random variable with
mean . We can use the results given in [3] to obtain the symbol
error probability of the th subchannel as

(9)



LU et al.: BER PERFORMANCE OF OFDM-MDPSK SYSTEM 1219

where

for
for ,

(10)

and

(11)

is a special case of a general quadratic form in complex-valued
Gaussian random variables defined as in [3] as

(12)
with , , , and .

Using the results in [3], we have

for

for (13)

where

for

for

(14)
is the Marcum’s function and is the th order modified
Bessel function of the first kind.

In (13)

(15)

where , are the means and , , and are the
second central moments of the two complex-valued variables

and . Using the expression of given in (7), we can
obtain these moments as

(16a)

where is the power of the filtered AWGN and can be obtained
as , and are the th coefficients of

self-correlation, and and are the th coefficients of
cross-correlation of the received signal for and ,
respectively. These ’s can be obtained as

(16b)

where

(16c)

As can be seen from (16a), all the first moments depend
only on the power of the LOS component whereas the second
moments are functions of the correlation coefficients’s.
These ’s are determined not only by the time selectivity of the
channel, that is the fast or slow fading, but also by the frequency
selectivity, that is the power delay profile of the channel.

To obtain the SER performance of theth subchannel,
as in (9), the task is to evaluate all the second moments for the
different channel conditions. Since Gray bit mapping is assumed
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in this paper, the BER of each subchannel can be obtained by
dividing in (9) by . The BER performance of the
whole OFDM-MDPSK system can be obtained by averaging

over the entire subchannel assembly as

(17)

A. Slow Frequency-Selective Rician Fading

For slow fading condition, the channel fluctuation can be ne-
glected during, at least, one multitone block. The in (4)
thus can be modeled as a zero mean complex Gaussian random
variable with unity power, and the autocorrelation function in
one multitone block is

(18)

where , .
Using (18), the coefficient ’s in (16a) can be obtained from

(7) and (8) as

(19)

where

(20)

The BER of the OFDM-MDPSK system in slow Rician fading
channel can now be calculated using (9), (13), (15), (16a), (16b),
(16c), (17), and (19).

B. Fast Fading

For fast fading, the in (4) can be modeled as inde-
pendent zero-mean complex-valued Gaussian random process
whose spectrum is band-limited to a maximum Doppler
shift . Considering a wide sense stationary uncorrelated scat-
tering (WSSUS) channel [4], it is assumed that each diffused
multipath component consists of many unresolvable (in delay
time) waves which have identical amplitudes and arrive from
all direction uniformly. Then, the autocorrelation function of

can be expressed as

(21)

where is the zeroth order Bessel function of the first kind,
and are within two consecutive multitone blocks defined

in (18). If , (21) can be approximated as [6]

(22)

Using (22), the coefficient ’s in (16a) can be obtained from
(7) and (8) as

(23)

where

(24)

The BER of the OFDM-MDPSK system in fast Rician fading
can now be calculated using (9), (13), (15), (16a), (16b), (16c),
(17), and (23).

IV. BER FOR DIFFERENTPOWER DELAY PROFILES

From (16a), we note that the BER performance is also deter-
mined by the ’s or the power delay profile. From the first term
of in (8), it can be seen that the delays which are smaller than
the guard interval cause ICI only. While fromand the second
term of in (8), the delays which are larger than the guard in-
terval cause both ICI and ISI.

In the following subsections, we consider three different
power delay profiles: one-sided exponential, uniform and
double spike profiles (see Fig. 2). As defined in (4), the LOS
component is separated from the diffused component, and the
power delay profiles mentioned above are defined as that of
the diffused component only. These power delay profiles are
characterized by the average delayand the delay spread ,
defined as

(25)
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Fig. 2. Power delay profiles: (a) one-sided exponential profile; (b) uniform profile; and (c) double spike profile.

Here, to highlight the effects of channel fading and delay
spread, we consider the case of very large signal-to-noise ratio
(SNR) in which the AWGN is neglected. The approach used
in this paper, however, can be easily extended to take into ac-
count of the noise effect. In the case of small SNR, the deci-
sion errors will be largely caused by the AWGN, especially for
slow fading and small delay spread. As is well known, when
the error probability is plotted against the SNR, it levels off to a
constant value, called the irreducible error floor, as the SNR be-
comes very large. The irreducible error probability is the lower
bound on the probability of error for all SNR’s. However, when
the channel is both frequency-selective and time-selective as is
the case investigated in this paper, the errors are caused by the
ISI which is a result of the frequency selectivity of the channel,
and by the ICI which is induced by both the time selectivity and
the frequency selectivity of channel. Both interferences result
in the loss of orthogonality among the subcarriers. Therefore,
in the following analysis, we ignore the AWGN and set
in (16a).

A. One-Sided Exponential Profile

The one-sided exponential power delay profile is shown in
Fig. 2(a) and can be expressed as

(26)

where is as defined in (5), and is an attenuation factor of
power delay profile. Therefore,

(27)

After some algebra, the normalized first and second moment
expressions for one-sided exponential power delay profile can
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be obtained as

(28)

where

and the ’s can be obtained from (19) and (23) for slow and fast
fading, respectively. It should be noted that all the first moments
are normalized to and the second moments are normal-
ized to .

The first moment , , obviously have the same expres-
sions for these three power delay profiles. Therefore, only the
second moments will be obtained in the following sections.

B. Uniform Profile

As shown in Fig. 2(b), the uniform power delay profile is a
special case of one-sided exponential profile which has the same
power for all diffused multipath components, i.e.,
when . The delay profile can be expressed as

(29)

The second moments needed to calculate the error rate can be
obtained as

(30)

C. Double Spike Profile

The double spike power delay profile is shown in Fig. 2(c)
and can be expressed as

(31)

where is the ratio of two power spikes, i.e., .
When is larger than the guard interval, the coefficients in

(19) and (23) can be simplified by and . Then the
normalized second moments for the double spike delay profile
can be obtained as

(32)

Fig. 3. Illustration highlighting the effect of varying� on the relative
position of the power profiles against the guard interval length�, with a
constant average delay� .

V. BER PERFORMANCE AS AFUNCTION OFDELAY SPREAD

In all the numerical results presented in this section, we as-
sume that the average delayof the power profile from the LOS
component is fixed, while the rms delay spread is varied. Since
we have assumed that the interpath delay is uniform, when in-
creasing (decreasing) , the interpath delay will increase (de-
crease) accordingly if the number of multipathis unchanged.
In Section III, we have used to indicate the number of paths
whose delays are less than the guard interval. As is
varied, there will be a variation of . When is small, it is
possible that all the paths have delays which are less than. But
as is increased, there will be some paths whose delays are
larger than . This will lead to an increase in both ICI and ISI
and correspondingly an increase of BER. This relation between

, , and, is highlighted in Fig. 3 for the one-sided ex-
ponential delay profile.

In Figs. 4 and 5, the BER performance calculated from (9),
(13), and (17) for the one-sided exponential profile is plotted
against the normalized rms delay spread , and
the BER for the three profiles are compared in Fig. 6, with the
normalized maximum Doppler shift , Rician factor , and
diversity order as parameters. For all these figures, the number
of the subcarriers is 32, the normalized guard interval is

% and the average delay is fixed as . For the
one-sided exponential profile, we assume that the attenuation
factor is , the number of fading paths is and the
interpath delay is uniform. For the uniform profile, and
the interpath delay is uniform also. For the double spike delay
profile, the ratio of the two power spikes is .

The BER for different OFDM-MDPSK systems with
for the exponential delay profiles are compared in Fig. 4.

The curves are for the case of fast fading with . As
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Fig. 4. Average BER of OFDM-MDPSK system in frequency selective
Rayleigh and Rician fading with one-sided exponential delay profile with
� = 1, V = 7, andf T = 0:05,N = 32,�=T = 0:15, � = 0:8�.

Fig. 5. Average BER of OFDM-QDPSK system in frequency selective
Rayleigh and Rician fading with one-sided exponential delay profile with
� = 1, V = 7, andM = 4,N = 32,�=T = 0:15, � = 0:8�.

expected, the BER degraded as is increased. In the com-
parison of performance between the different, since we have
assumed that is fixed, the system with a larger is asso-
ciated with a larger input binary data rate which implies that
the system has a larger spectral efficiency in term of bit/s/Hz.

Fig. 6. (a) Average BER of OFDM-QDPSK system in frequency selective
Rayleigh and Rician fading withM = 4, f T = 0, N = 32, �=T =

0:15, � = 0:8�. (b) Average BER of OFDM-QDPSK system in frequency
selective Rayleigh and Rician fading withM = 4, f T = 0:05, N = 32,
�=T = 0:15, � = 0:8�.

As expected the system with a largerhas a poorer BER per-
formance. Also, the Rician fading leads to a better BER per-
formance than the Rayleigh fading, because of the existence of
the unfaded specular component. By comparing the curves with

and , we can see that the use of diversity reception
is effective in improving the BER performance.

We show in Fig. 5 the BER for , to highlight the
unique behavior for the slow fading case . As
is reduced, the BER decreases gradually and then when reaching
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, it drops off steeply to zero. This can be ex-
plained as follows. For the specified parameter values of ,

, and , it can be shown from (25) and
(26) that all the path delays are less thanfor .
Therefore, as stated in the beginning paragraph of Section IV,
there will be no ISI. Furthermore, since , there will
be no ICI in this case (see Appendix A.) Finally since AWGN
have been neglected, the BER should approach zero. However,
when , for , although ISI is zero, there
will still be ICI which lead to some finite BER, as can be seen
in Fig. 5, for and . The BER curves
for stay constant as varies. This is because
the contribution from the ICI to the BER is not a function of
(seeAppendix B.)

In Fig. 6, the BER performance with three different power
delay profiles is presented. Fig. 6(a) is for slow fading, and
Fig. 6(b) is for fast fading. In the fast fading case, the BER per-
formance are similar given that theand are the same for
all the three profiles. The same is true in the slow fading condi-
tion when is large.

VI. CONCLUSIONS

This paper is concerned with the BER performance of
OFDM-MDPSK system in frequency-selective Rayleigh and
Rician fading channels with diversity reception. One of the
new contributions is our recognition that the classic formula
of Proakis [3, Appendix B] relating to the probability, that the
sum of L pairs of complex valued Gaussian random variables is
less than zero, can be used to obtain a closed form expression
of the BER performance of OFDM-MDPSK systems. New
BER results computed from our derived formula are used to
quantitatively illustrate the effect of frequency selectivity and
time selectivity of the mobile radio channels on the system
performance. The existence of a strong LOS component and the
use of diversity reception are effective in improving transmission
performance.

APPENDIX A

In the slow fading channel , when all the path
delays are less than the guard interval,, , there is
no ICI. This can be seen as follows. Firstly, by referring to (18):
when , , which implies that
is a constant. Next, by looking back at (8), the ICI is represented
by

This consists of two terms. The second term is zero, because
all the path delays are less than guard interval. The first term

is zero, because is a constant and the subcarriers with
frequencies and are orthogonal over a multitone block of
length .

APPENDIX B

In the fast fading channel , when all the path
delays are less than the guard interval,, , then BER
does not vary as is changed. This can be seen as follows.
In (16a), the , and only depend on and

. From (23), and do not depend on , that is
on the power profile and accordingly . Therefore the BER
is constant when is changed.
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