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PAPER

Pilot-Aided Adaptive Prediction Channel Estimation

in a Frequency-Nonselective Fading Channel

Shinsuke TAKAOKA†, Student Member and Fumiyuki ADACHI†, Regular Member

SUMMARY Pilot-aided adaptive prediction channel esti-
mation is proposed for coherent detection in a frequency-
nonselective fading channel. It is an extension of the conventional
weighted multi-slot averaging (WMSA) channel estimation and
consists of 3 steps. A block of Np pilot symbols is periodically
transmitted, each pilot block being followed by Nd data symbols
to form a data slot. In the first step, the instantaneous chan-
nel gain is estimated by coherent addition of Np pilot symbols.
Using the K past and K future estimated instantaneous channel
gains, the second step predicts the instantaneous channel gains
at the end and beginning of data slot of interest by a forward pre-
dictor and a backward predictor, respectively. The tap-weights
of forward prediction and backward prediction are adaptively
updated using the normalized least mean square (NLMS) algo-
rithm. Finally, in the third step, the instantaneous channel gain
at each data symbol position within the data slot of interest is
estimated by simple averaging or linear interpolation using the
two adaptively predicted instantaneous channel gains. The com-
puter simulation confirms that the proposed adaptive prediction
channel estimation achieves better bit error rate (BER) perfor-
mance than the conventional WMSA channel estimation in a fast
fading channel and/or in the presence of frequency offset between
a transmitter and a receiver.
key words: fading channel, channel estimation, pilot symbol,

adaptive prediction, normalized LMS

1. Introduction

In mobile radio, multipath fading is produced by reflec-
tion and diffraction of the transmitted signal by many
obstacles between a transmitter and a receiver; the re-
ceived signal amplitude and phase fluctuate in a ran-
dom manner [1]. Coherent detection requires channel
estimation, which, however, is difficult to achieve in a
fast fading channel, and thus the bit error rate (BER)
performance degrades. To perform coherent detection
in a fast fading channel, pilot-aided channel estimation
was proposed [2], [3]. In a fast fading channel, the chan-
nel gain varies rapidly. In order to cope with fast fading,
first and second order interpolation methods could be
used [2], [4]. However, transmission of many pilot sym-
bols leads to significant power loss. Recently, weighted
multi-slot averaging (WMSA) channel estimation was
proposed for a direct sequence code division multiple
access (DS-CDMA) mobile radio [5]. The WMSA chan-
nel estimation consists of the following two steps. A
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block of Np pilot symbols is transmitted, each pilot
block being followed by Nd data symbols to form a data
slot. In the first step, the instantaneous channel gain
is estimated by coherent addition of Np pilot symbols.
Then, at the second step, the 2K instantaneous channel
gains are input to a 2K-tap filter to estimate the chan-
nel gain at each data symbol position within the data
slot of interest. In [5], the tap-weights are optimized
based on computer simulations. K = 1 WMSA chan-
nel estimation uses simple average of the two consecu-
tive pilot blocks [6]. However, using the time invariant
tap-weights cannot always minimize the BER in chang-
ing fading environment due to user’s movement. Then,
adaptive methods of the tap-weights were proposed in
[7], [8]. In the presence of the frequency offset between a
transmitter and a receiver, the resultant phase rotation
further degrades the BER performance. For reducing
the adverse effect of frequency offset, a pilot-aided fre-
quency offset compensation method was proposed in
[9].

In this paper, a pilot-aided adaptive prediction
channel estimation is proposed that performs coher-
ent detection in the fast fading channel and/or in the
presence of frequency offset. It is an extension of the
conventional WMSA channel estimation and consists
of 3 steps. In the first step, as in the conventional
WMSA channel estimation, the instantaneous channel
gain is estimated by coherent addition of Np pilot sym-
bols. The second step predicts the instantaneous chan-
nel gains at the end and beginning of data slot by a
forward predictor and a backward predictor, respec-
tively. The tap-weights are adaptively updated using
the normalized least mean square (NLMS) algorithm
[10]. Finally, in the third step, the instantaneous chan-
nel gain at each data symbol position within the data
slot of interest is estimated by simple averaging or lin-
ear interpolation using the two adaptively predicted in-
stantaneous channel gains.

The remainder of the paper is organized as fol-
lows. Section 2 presents the transmission system and
Sect. 3 describes the proposed adaptive prediction chan-
nel estimation. In Sect. 4, the BER performance using
the proposed adaptive prediction channel estimation is
evaluated by computer simulation. The computer sim-
ulation confirms that the adaptive prediction channel
estimation achieves better BER performance than the
conventional non-adaptive WMSA channel estimation
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Fig. 1 Transmission system model.

Fig. 2 Slot structure.

in the fast fading channel and/or in the presence of
frequency offset. Section 5 concludes the paper.

2. Transmission System Model

A low-pass equivalent transmission system model is il-
lustrated in Fig. 1. First, the binary data sequence to be
transmitted is transformed into a sequence of quadra-
ture phase shift keying (QPSK)-modulated symbols.
The transmitted signal s(t) in the complex represen-
tation can be expressed as

s(t) =
√
2S

∞∑
n=−∞

d(n)hT (t− nT ), (1)

where S is the average transmit signal power, d(n) =
exp(jφn), φn = 0, π/2, π, 3π/2, is the nth QPSK sym-
bol with length T , and hT (t) is the transmit filter im-
pulse response. As shown in Fig. 2, a block of Np pilot
symbols is placed at the beginning of each data slot and
is followed by Nd data symbols. The slot length Tslot

is given by Tslot = (Np +Nd)T .
Transmitted signal is received via a fading channel.

Without loss of generality, a frequency-nonselective fad-
ing channel is assumed. Denoting the time varying
complex channel gain seen on the lth (l = 1, 2, · · · , L)
receive antenna by ξl(t), the received signal can be ex-
pressed as

rl(t) = s(t)ξl(t) exp(j2πδft) + nl(t), (2)

where δf is the frequency offset between the transmit-

ter and the receiver, nl(t) is the additive white Gaus-
sian noise (AWGN) with a single sided power spectrum
density of N0. It is assumed that the signal distortion,
caused by the receive matched filter (MF) having the
impulse response of hR(t) = (1/T )hT (−t), due to the
fading and the frequency offset can be neglected. In this
paper, assuming ideal sampling timing, the MF output
is sampled at the symbol rate. The MF output signal
sample rl(m,n) on the lth antenna at the time position
t = mTslot + nT of the nth symbol in the mth slot is
expressed as

rl(m,n)
= rl(mTslot + nT )

=
√
2Sd(m,n)ξl(m,n)f(m,n) + ρl(m,n), (3)

where,

d(m,n) = d(m(Np +Nd) + n),
ξl(m,n) = ξl(mTslot + nT ),
f(m,n) = exp[j2πδf(mTslot + nT )],

and ρl(m,n) is the noise component. Adaptive predic-
tion channel estimation is performed using the sample
sequence of {rl(m,n)} and the estimated channel gain
is denoted by ξ̃l(m,n). The delay element “D” in Fig. 1
has a time delay of D = KTslot for the adaptive predic-
tion channel estimation which is described in Sect. 3.

The maximal ratio combining (MRC) is assumed
for antenna diversity reception. The MRC combiner
output d̃(m,n), which is the decision variable, is ex-
pressed as

d̃(m,n) =
L∑

l=1

rl(m,n)ξ̃∗l (m,n), (4)

where L is the number of antennas and * denotes the
complex conjugate.
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Fig. 3 Structure of pilot-aided adaptive prediction channel estimation.

3. Adaptive Prediction Channel Estimation

3.1 Principle of Operation

Figure 3 illustrates the structure of the adaptive pre-
diction channel estimation, which consists of 3 steps.
In the first step, the instantaneous channel gain is es-
timated by coherent addition of Np received pilot sym-
bols after removing pilot symbol phase. The instanta-
neous channel estimate ξ̂l(m) at the beginning of the
mth data slot is given by

ξ̂l(m) =
1
Np

Np−1∑
n=0

rl(m,n)
d(m,n)

. (5)

Then, the second step predicts the instantaneous chan-
nel gains, ξ̃l,f (m) and ξ̃l,b(m), at the end and the begin-
ning of the mth data slot, by a forward predictor and a
backward predictor, using the K past and K future
estimated instantaneous channel gains, {ξ̂l(m + k)},
k = −(K − 1) ∼ K, respectively. The tap-weights
of the forward predictor and a backward predictor are
adaptively updated using the NLMS algorithm. ξ̃l,f (m)
and ξ̃l,b(m) are given by

ξ̃l,f (m) =
0∑

k=−(K−1)

wl,k(m)ξ̂l(m+ k)

= Wl,f (m)XT
l,f (m) (6a)




Wl,f (m) = {wl,0(m), wl,−1(m),
· · · , wl,−K+1(m)}

Xl,f (m) = {ξ̂l(m), ξ̂l(m− 1),
· · · , ξ̂l(m−K + 1)}

(6b)

ξ̃l,b(m) =
K∑

k=1

wl,k(m)ξ̂l(m+ k)

= Wl,b(m)XT
l,b(m) (7a)




Wl,b(m) = {wl,1(m), wl,2(m),
· · · , wl,K(m)}

Xl,b(m) = {ξ̂l(m+ 1), ξ̂l(m+ 2),
· · · , ξ̂l(m+K)}

(7b)

where (.)T denotes transpose, Wl,f and Wl,b are re-
spectively the complex tap-weight row vectors for the
forward predictor and backward predictor, andXl,f (m)
and Xl,b(m) are respectively the row vectors of the es-
timated instantaneous channel gains to be used in the
forward predictor and backward predictor.

Finally, in the third step, the instantaneous chan-
nel gain ξ̃l(m,n) at the nth data symbol position of the
mth data slot is estimated by simple averaging (SA) or
linear interpolation (LI) using the two adaptively pre-
dicted instantaneous channel gains, ξ̃l,f (m) and ξ̃l,b(m).
ξ̃l(m,n) is given by
SA:

ξ̃l(m,n) =
ξ̃l,f (m) + ξ̃l,b(m)

2
(8a)

LI:

ξ̃l(m,n) =

(
n− Np − 1

2

)

Np +Nd
ξ̃l,f (m)

+



1−

(
n− Np − 1

2

)

Np +Nd



ξ̃l,b(m).

(8b)

3.2 Tap-Weight Adaptation

After making decisions on all data symbols of the mth
data slot, the NLMS algorithm updates the tap-weight
vectors, Wl,f and Wl,b, using ξ̂l(m + 1) and ξ̂l(m) as
the reference signals:
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


Wl,f (m+ 1) =Wl,f (m)

+µ
el,f (m)

0∑
j=−(K−1)

|ξ̂l(m+ j)|2
X∗

l,f (m)

el,f (m) = ξ̂l(m+ 1)− ξ̃l,f (m)

(9a)




Wl,b(m+ 1) =Wl,b(m)

+µ
el,b(m)

K∑
j=1

|ξ̂l(m+ j)|2
X∗

l,b(m)

el,b(m) = ξ̂l(m)− ξ̃l,b(m)

, (9b)

where el,f (m) and el,b(m) are the estimation errors and
µ is the step size.

The major cause of errors is the AWGN in a slow
fading channel, however, it is the random phase noise
(sometimes called as the random FM noise) in a fast
fading channel. The tap-weight adaptation for for-
ward prediction and backward prediction use the in-
stantaneous channel estimates of one slot future and
one slot past as the reference signals, respectively (see
Eq. (9)). Therefore, while the proposed adaptive pre-
diction channel estimation acts as the prediction filter
in a fast fading channel, it acts as an averaging filter,
i.e., the tap-weights become almost the same, to mini-
mize the effect of the AWGN in a slow fading channel.

4. Computer Simulation

We assume QPSK modulation and a frequency-
nonselective Rayleigh fading channel with L = 2 MRC
diversity reception. (Although QPSK modulation is
assumed in this paper, the proposed adaptive predic-
tion channel estimation can also be applied to other
high-level modulation schemes, e.g., 16 quadrature am-
plitude modulation (16QAM).) Since channel estima-
tion accuracy depends on the value of Np, the selec-
tion of Np is an important issue. As Np increases, the
signal-to-noise ratio (SNR) of the instantaneous chan-
nel estimate ξ̂l(m) in Eq. (5) improves due to coher-
ent addition of Np received pilot symbols, leading to
the improved SNR of ξ̃l,f (m) and ξ̃l,b(m). Accordingly,
the BER performance improves. From the computer
simulations performed to evaluate the achievable BER
performance for various values of Np in a slow fading
environment we found that asNp increases fromNp = 1
to 2 and further, to 3, the BER performance improves,
but the additional performance improvement becomes
quite small forNp larger than 4. On the other hand, the
power loss due to the transmission of non-information
bearing pilot symbols increases. Hence, in the follow-
ing computer simulations, we set Np = 4 and Nd = 60.
For comparison, the conventional non-adaptive WMSA

Fig. 4 Tap-weight convergence rate of a K = 4 adaptive
prediction channel estimation.

channel estimation using K = 1, 2, and 3 are also as-
sumed: the tap-weight vectors for K = 1, 2 and 3 are
{1.0, 1.0}, {0.6, 1.0, 1.0, 0.6} and {0.3, 0.8, 1.0, 1.0,
0.8, 0.3}, respectively [5].

4.1 Tap-Weight Convergence

As the step size µ becomes larger, the tap-weight con-
vergence rate becomes faster, but the prediction error
becomes larger. The normalized mean square error
(MSE) was obtained by taking ensemble average of the
squared value of prediction error el,f (m) over 800 in-
dependent trials and for varying m. Figure 4 plots the
normalized MSE of a K = 4 adaptive prediction chan-
nel estimation as a function of number of updates (num-
ber of elapsed slots from the beginning) for the normal-
ized maximum fading Doppler frequency fdTslot=0.064,
the average received signal energy per bit-to-AWGN
power spectrum density ratio Eb/N0 = 6dB, and no
frequency offset δf = 0. The initial tap-weight vec-
tors, Wl,f and Wl,b, were set as [1.0, 0, 0, 0] and [1.0,
0, 0, 0], respectively. This means that the adaptive
prediction channel estimation starts with the K = 1
WMSA channel estimation. The use of larger µ pro-
vides faster convergence, but the achievable MSE be-
comes larger when the tap-weights have converged (af-
ter around more than 300 updates (or slots)). As is
expected, when µ = 1.0, faster convergence but with
larger MSE is observed. On the other hand, when
µ = 10−3, the tap weight convergence rate is too slow.
It can be seen from Fig. 4 that the achievable MSE is
almost the same for µ = 0.1 and 0.01. Hence, µ = 0.1
is considered to provide overall best property of fast
convergence and small MSE, and was assumed in the
following simulations.

4.2 Influence of Number of Taps

The BER performance is plotted with the number 2K
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of estimation filter taps as a parameter in Fig. 5(a) and
Fig. 5(b) when the 3rd step uses simple averaging fil-
ter and linear interpolation filter, respectively. No an-
tenna diversity was assumed. For comparison, the BER
performance with ideal channel estimation (and no pi-
lot transmission) is also plotted. The theoretical BER
Pe(Γ) for QPSK can be given by [11]

Pe(Γ) =




1
2

(
1−

√
Γ

1 + Γ

)
, L = 1

1
2


1−

1 +
3
2Γ(

1 +
1
Γ

) 3
2


 , L = 2

, (10)

(a) Simple averaging (SA) filter in the 3rd step

(b) Linear interpolation (LI) filter in the 3rd step

Fig. 5 Influence of number of taps in adaptive prediction
channel estimation on achievable BER performance.

where Γ is the average Eb/N0 per antenna. It was con-
firmed that the BER performances with ideal channel
estimation plotted in Figs. 5 and 6 agree well with the
theoretical ones computed from Eq. (10).

In a slow fading channel (fdTslot = 0.0064), as the
value of K increases, the BER performance improves.
For both cases of simple averaging filter and linear in-
terpolation filter in the 3rd step, the required Eb/N0

for the average BER = 10−3 can be reduced by about
0.4 dB and 0.6 dB with K = 3 and 4 as compared to
K = 2. Since almost the same BER performance is
observed with K ≥ 4, we used K = 4 in the following
simulations. In a fast fading channel (fdTslot = 0.128),
a BER floor due to the random phase noise is observed.
In such a fast fading, the use of linear interpolation fil-
ter in the 3rd step provides much smaller BER floor
value.

4.3 Comparison with Conventional Non-adaptive
WMSA Channel Estimation

First, we assume no frequency offset (δf = 0) and com-
pare the average BER performances achievable with
adaptive prediction channel estimation and conven-
tional non-adaptive WMSA channel estimation. The
simulated average BER performances are plotted in
Fig. 6 for a slow fading channel (fDTslot = 0.064).
When simple averaging (SA) filter is used in the 3rd
step, an Eb/N0 degradation of K = 4 adaptive predic-
tion channel estimation from the ideal channel estima-
tion case is only about 1.2 dB for achieving BER =
10−3 with L = 2 MRC antenna diversity. It is slightly
higher and is about 1.4 dB when linear interpolation
(LI) filter is used in the 3rd step. On the other hand,
a larger Eb/N0 degradation is observed with the con-
ventional non-adaptive WMSA channel estimation; it

Fig. 6 Average BER performance without frequency offset.
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is about 1.6 dB, 1.4 dB and 1.3 dB for K = 1, 2 and
3, respectively. In the case of K = 1 WMSA channel
estimation, the linear interpolation filter can be used;
the resultant BER performance is plotted in Fig. 6 (see
plots of linear interpolation (K = 1)). A larger Eb/N0

degradation of 1.8 dB is observed.
The Eb/N0 degradation of 1.2 dB for K = 4 adap-

tive prediction channel estimation is discussed below.
The Eb/N0 degradation is produced by power loss due
to the transmission of non-information bearing pilot
symbols, noisy channel estimate due to AWGN, and
non ideal tracking of channel estimation against fast
fading. For our case of Np = 4 and Nd = 60, the power
loss in dB due to pilot transmission is ∆p = 0.28 dB.
The Eb/N0 degradation ∆SA due to the noisy channel
estimate can be computed from (see Appendix)

∆SA = 10 log10



1 +

1
Np

K∑
k=−(K−1)

|wl,k|2

∣∣∣∣∣∣
K∑

k=−(K−1)

wl,k

∣∣∣∣∣∣
2



(dB)

(11)

for the simple averaging filter, where {wl,k; k = −(K −
1) ∼ K} are elements of forward and backward predic-
tor tap-weight vectors, Wl,f and Wl,b. The converged
complex tap-weights for K = 4 adaptive prediction
channel estimation are found from computer simulation
to be {wl,−3, wl,−2, wl,−1, wl,0, wl,1, wl,2, wl,3, wl,4} =
{−0.09 + j0.01, 0.13 + j0.01, 0.37 + j0.02, 0.64 +
j0.008, 0.63 + j0.01, 0.4 + j0.02, 0.13 + j0.02,−0.07 +
j0.03} for all l. Substituting these values into Eq. (11)
gives ∆SA = 0.26 dB for our K = 4 adaptive pre-
diction channel estimation. Hence, the sum of power
loss due to pilot transmission and noisy channel es-
timate due to AWGN becomes 0.54 dB. 0.66 dB is
the remaining Eb/N0 degradation due to non ideal
tracking against fast fading. On the other hand, the
Eb/N0 degradation ∆WMSA due to the noisy chan-
nel estimate for conventional WMSA channel esti-
mation can also be obtained by replacing {wk} in
Eq. (11) with {w0, w1} = {1.0, 1.0} for K = 1,
{w−1, w0, w1, w2} = {0.6, 1.0, 1.0, 0.6} for K = 2, and
{w−2, w−1, w0, w1, w2, w3} = {0.3, 0.8, 1.0, 1.0, 0.8, 0.3}
for K = 3. Substituting the tap-weights into Eq. (11)
gives ∆WMSA = 0.51, 0.28, and 0.21 dB for K = 1, 2,
and 3, respectively. Hence, the Eb/N0 degradation due
to non ideal tracking against fast fading becomes 0.81,
0.84, and 0.81 dB for K = 1, 2, and 3, respectively. As
a consequence, it can be concluded thatK = 4 adaptive
prediction channel estimation provides better tracking
ability against fading than WMSA channel estimation.
(Note that obtaining theoretically the Eb/N0 degrada-
tion due to non ideal tracking against fast fading is
quite difficult if not impossible and is left for a future

Fig. 7 BER floors in the presence of no frequency offset.

study.)
Figure 7 compares the BER floors achievable with

K = 4 adaptive prediction channel estimation and con-
ventional non-adaptive K = 1–3 WSMA channel esti-
mation seen at the average Eb/N0 = 45dB as a func-
tion of fDTslot . Also plotted are the results of sim-
ple linear interpolation (K = 1). For the conventional
WMSA channel estimation, the BER floor becomes
larger as the value of K increases, because tracking
ability against fast variations in the channel gain tends
to be lost, but the BER floor with adaptive prediction
channel estimation using linear interpolation in the 3rd
step is almost the same as that with the linear interpo-
lation (K = 1).

As a consequence, the use of K = 4 adaptive pre-
diction channel estimation using linear interpolation in
its 3rd step can achieve almost the same BER perfor-
mance as the conventional K = 3 WMSA in a slow
fading channel, while it can achieve almost the same
BER floor as the simple linear interpolation (K = 1) in
a fast fading channel.

Finally, we discuss the BER performances in the
presence of the frequency offset (δf 	= 0). Figure 8 plots
the average BER performances with δfT = 0.00096 and
0.00391. When the AWGN is a predominant cause of
errors, i.e., in small Eb/N0 regions, the K = 4 adaptive
prediction channel estimation using linear interpolation
in its 3rd step achieves almost the same performance as
the conventional WMSA channel estimation and per-
forms better than the linear interpolation (K = 1).
However, when the frequency offset is a predominant
cause of errors, i.e., in large Eb/N0 regions with large
frequency offset, it can achieve almost the same BER
performance as the linear interpolation (K = 1). This
can be more clearly seen in Fig. 9, which plots the BER
floor as a function of δfT at the average Eb/N0 = 45dB
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(a) fDTslot = 0.0064

(b) fDTslot = 0.064

Fig. 8 Average BER performance in the presence of frequency
offset.

and fDTslot = 0.064.

5. Conclusion

In this paper, a pilot-aided adaptive prediction chan-
nel estimation was proposed. The tap-weights for for-
ward prediction and backward prediction are updated
using the NLMS algorithm. The BER performance us-
ing the proposed K = 4 adaptive prediction channel es-
timation was evaluated by computer simulations. The
adaptive prediction channel estimation using the step
size µ = 0.1 and linear interpolation in its 3rd step can
achieve almost the same performance as the conven-
tional K = 3 WMSA in a slow fading channel, while it

Fig. 9 BER floors in the presence of frequency offset.

can achieve almost the same BER floor as that using
the simple linear interpolation (K = 1) in a fast fad-
ing channel and/or in the presence of frequency offset.
The proposed adaptive prediction channel estimation
can also be applied to DS-CDMA coherent rake recep-
tion in a frequency selective fading channel.
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Appendix: Obtaining Eq. (11)

The Eb/N0 degradation due to the noisy channel es-
timate is theoretically derived, assuming no frequency
offset δf = 0, for the simple averaging filter. The first
step coherently adds the Np received pilot symbols to
obtain the instantaneous channel estimate ξ̂l(m) at the
beginning of themth data slot. ξ̂l(m) may be expressed
as

ξ̂l(m) =
√
2Sξl(m) + ρ̂l(m), (A· 1)

where ρ̂l(m) is the noise component, due to AWGN,
with zero mean and a variance of (2N0/T )Np. Then,
the second step predicts the instantaneous channel
gains, ξ̃l,f (m) and ξ̃l,b(m), at the end and the begin-
ning of the mth data slot, by a forward predictor and a
backward predictor, using the K past and K future
estimated instantaneous channel gains, {ξ̂l(m + k)},
k = −(K − 1) ∼ K, respectively, as shown in Eqs. (6a)
and (7a). Assuming the simple averaging filter, the
third step estimates the instantaneous channel gain
ξ̃l(m,n) at the nth data symbol position of the mth
data slot by simply summing the two adaptively pre-
dicted instantaneous channel gains, ξ̃l,f (m) and ξ̃l,b(m).
From Eqs. (A· 1), (6), and (8a), ξ̃l(m,n) may be ex-
pressed as

ξ̃l(m,n)

=
1
2
[ξ̃l,f (m) + ξ̃l,b(m)]

=
1
2

K∑
k=−(K−1)

wl,k(m)ξ̂l(m+ k)

=
1
2

K∑
k=−(K−1)

wl,k(m){
√
2Sξl(m+k) + ρ̂l(m+k)}.

(A· 2)
Assuming a very slow fading such that the channel gain
remains constant over a period of at least 2K slots, i.e.,
ξl(m + k) ≈ ξl(m) for k = −(K − 1) ∼ K, Eq. (A· 2)
becomes

ξ̃l(m,n) ≈ αl{
√
2Sξl(m) + ρ̃l(m)}, (A· 3)

where αl = 1
2

∑K
k=−(K−1)wl,k(m) and ρ̃l(m) is the

noise component with zero mean and a variance of

σ2ρ =
2N0

T

1
Np

K∑
k=−(K−1)

|wl,k(m)|2

∣∣∣∣∣∣
K∑

k=−(K−1)

wl,k(m)

∣∣∣∣∣∣
2 . (A· 4)

Using the noisy channel estimate, coherent detec-
tion is performed. The MRC combiner output d̃(m,n)
of Eq. (4) is expressed as

d̃(m,n) =
L∑

l=1

rl(m,n)ξ̃∗l (m,n)

≈
L∑

l=1

{
√
2Sd(m,n)ξl(m) + ρl(m,n)}

× αl{
√
2Sξl(m) + ρ̃l(m)}∗

≈
L∑

l=1

αl{
√
2Sd(m,n)ξl(m) + ηl(m,n)

×
√
2Sξ∗l (m) (A· 5)

for a large Eb/N0, where ηl(m,n) = ρl(m,n) +
ρ̃l(m)d(m,n) is the equivalent noise component with
zero mean and a variance of

σ2η =
2N0

T



1 +

1
Np

K∑
k=−(K−1)

|wl,k(m)|2

∣∣∣∣∣∣
K∑

k=−(K−1)

wl,k(m)

∣∣∣∣∣∣
2



. (A· 6)

Note that the value of σ2η is the same for all l when
the tap-weights converge. For ideal channel estimation,
ρ̃l(m) = 0. Hence, the Eb/N0 degradation ∆SA due to
the noisy channel estimate is given by

∆SA=10 log10



1+

1
Np

K∑
k=−(K−1)

|wl,k(m)|2

∣∣∣∣∣∣
K∑

k=−(K−1)

wl,k(m)

∣∣∣∣∣∣
2



(dB)

(A· 7)

for the simple averaging filter.
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