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Modeling of DS-CDMA Transmit Power Control in a Fast

Fading Channel with Antenna Diversity

Akihito KATOH†, Student Member and Fumiyuki ADACHI†a), Regular Member

SUMMARY In DS-CDMA mobile radio communications
systems, transmit power control (TPC) is indispensable to reg-
ulate the variations in the received signal power produced by
multipath fading. However, a practical TPC raises and lowers
the mobile transmit power only at discrete time instants (the
TPC rate is on the order of 1–2 kHz) and by a finite step size of
the order of 1 dB. Therefore, TPC cannot completely compensate
the received signal power variations and hence, the transmission
performance degrades in a fast fading channel. The objective of
this paper is to understand how TPC acts in a fast fading channel
with antenna diversity reception and, based on this understand-
ing, to model the TPC operation.
key words: DS-CDMA, transmit power control, fading, mobile
radio communications system

1. Introduction

In mobile radio communications systems, the transmit-
ted signals from different users located at different po-
sitions are received at a base station with large power
difference. For direct sequence code division multiple
access (DS-CDMA) mobile radio, when the power dif-
ference becomes large, large multi-access interference
(MAI) occurs due to non-orthogonality among spread-
ing codes assigned to different users. This is known as
the near-far problem [1], [2]. In addition to this, accord-
ing to a user’s movement the received signal varies very
rapidly due to shadowing and multipath fading. Shad-
owing and multipath fading are produced by blocking
and scattering of the transmitted signal by many ob-
stacles, located between a base station and a mobile
station, respectively [3]. Multipath fading rate is much
faster than shadowing. Hence, fast transmit power con-
trol (TPC) is an indispensable technique on the reverse
(mobile-to-base) links of DS-CDMA mobile radio [1],
[4].

DS-CDMA channel is an interference-limited chan-
nel. When TPC is used, the base station measures
the instantaneous signal-to-MAI plus background noise
power ratio (SINR) and sends the TPC command to
each mobile station every Ttpc seconds (TPC command
period) to raise or lower the mobile transmit power
by ∆tpc dB (TPC step size) [5], [6]. Since the trans-
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mit power is updated by the limited amount of ∆tpc dB
every Ttpc seconds, the fast and deep power drops due
to fading cannot be fully regulated and hence the trans-
mission performance, e.g., average bit error rate (BER)
performance, may degrade compared to the ideal TPC
case. In addition to TPC, antenna diversity reception
is a powerful technique to reduce the fading effect. The
objective of this paper is to understand how TPC acts
in a fast fading channel when used together with an-
tenna diversity and, based on this understanding, to
model the TPC operation. The TPC model presented
in this paper can be used to estimate the degradation of
the transmission performance in a fading channel with
antenna diversity.

The remainder of this paper is organized as fol-
lows. In Sect. 2, we evaluate the average BER perfor-
mance with ideal TPC and practical TPC by computer
simulations and discuss how the fading rate affects the
BER performance achievable with TPC and antenna di-
versity reception. Then, based on the results obtained
in Sect. 2, we model the operation of fast TPC with
antenna diversity reception. Finally, in Sect. 3, we in-
vestigate the impacts of TPC parameters in a fast fad-
ing channel with antenna diversity reception. Section 4
draws some conclusions.

2. BER Performances with TPC and Antenna
Diversity

It is well known that MAI can be approximated as a
Gaussian process due to the central limit theorem for
a large number of users. In this paper, we use this
approximation [7], [8] and combine MAI with the back-
ground noise process to treat as an equivalent Gaussian
process. Throughout this paper, we use the signal en-
ergy per bit-to-equivalent noise power spectrum density
ratio Eb/η0. For quaternary phase shift keying (QPSK)
modulation, SINR equals 2Eb/η0. Assuming frequency
non-selective Rayleigh fading channel and M -antenna
diversity reception, we evaluate the average BER per-
formances achievable with TPC and diversity reception
to discuss how fading rate affects the achievable average
BER performance.

2.1 Transmission System Model

Figure 1 illustrates the transmission system model.
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Fig. 1 Transmission system model.

Since the objective of this paper is to model the TPC
operation in a fast fading channel, the effects of shad-
owing and distance dependent path loss are neglected.
The most severe channel for DS-CDMA mobile radio
is a frequency non-selective fading channel since rake
combining cannot be involved. An equivalent technique
to rake combining is antenna diversity reception. This
paper assumes the frequency non-selective fading chan-
nel with antenna diversity using ideal maximal ratio
combining (MRC) [3].

Assuming that the equivalent noise powers on all
antennas are identical and represented by η0, the in-
stantaneous received Eb/η0, γ(t), at the M -antenna di-
versity combiner output may be expressed in continu-
ous time representation as

γ(t) =
PT (t)T
2η0

M−1∑
m=0

gm(t), (1)

where PT (t) is the mobile station transmit power, T
is the QPSK symbol length in time, and gm(t) is the
channel power gain associated with the mth antenna.
{gm(t); m = 0, 1, . . . , M − 1} are independent identi-
cally distributed (iid) random processes. The proba-
bility density function (pdf) p(gm) and the cumulative
distribution function (cdf) P (gm) of gm are given by [3]{

p(gm) = exp(−gm)
P (gm) = 1− exp(−gm)

. (2)

At the base station, the received Eb/η0 is measured
and compared to the TPC target Eb/η0, γtpc. Assum-
ing ideal Eb/η0 measurement and ideal TPC, the mobile
transmit power is given by

PT (t) =
(
2η0
T

)
γtpc

gMRC(t)
, (3)

where

gMRC(t) =
M−1∑
m=0

gm(t) (4)

is the equivalent channel power gain seen at the MRC
combiner output. Equation (3) shows that the mobile

transit power is inversely proportional to the equiva-
lent channel power gain. Note that although continu-
ous time representation is used in Eq. (3), the transmit
power is updated at discrete time instants of multiples
of Ttpc seconds by a limited amount of ∆tpc dB.

2.2 Theoretical BER Performance with Ideal TPC

For ideal TPC, the received γ = γ(t) is always kept at
the TPC target γtpc. The BER becomes identical to
the case of no fading with γ = γtpc, which is given by
[9]

Pb(γ) =
1
2
erfc

√
γ, (5)

where

erfc(x) =
2√
π

∫ ∞

x

exp(−y2)dy.

On the other hand, when TPC is not employed but M -
antenna diversity reception is used, the average BER
Pb(Γ) in a fading channel is given by [9]

Pb(Γ)=
1
2

[
1− µ√

2−µ2

M−1∑
m=0

(
2m
m

) (
1−µ2

4−2µ2

)m
]

, (6)

where

µ =

√
2(Γ/M)

2(Γ/M) + 1
(7)

and Γ is the total average Eb/η0 received on M anten-
nas. In particular, when M = 1 and 2, Eq. (6) becomes

Pb(Γ) =



1
2

(
1−

√
Γ

Γ + 1

)
, for M = 1

1
2

(
1− 1 + 3/Γ

(1 + 2/Γ)3/2

)
, for M = 2

. (8)

2.3 BER Performance with Practical Fast TPC

Here, we investigate by computer simulations how the
average BER performance with practical TPC differs
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Table 1 Simulation condition.

from that of ideal TPC. Table 1 shows the simula-
tion conditions. We assume that Ttpc = 64T and the
fading rate is represented by the normalized maximum
Doppler frequency fDTtpc.

Figure 2 plots the average BER performance
achievable with practical TPC with ∆tpc = 1dB as
a function of the TPC target γtpc with fDTtpc as a pa-
rameter. For comparison, theoretical BER performance
with ideal TPC and that without TPC are also plotted
(they are given by Eqs. (5) and (8)). For slow fading,
i.e., fDTtpc = 10−4, TPC can track the channel gain
variations and can achieve the performance close to the
ideal TPC case. The condition of fDTtpc = 10−4 cor-
responds to fD = 0.2Hz for the QPSK symbol rate of
128 ksymbol/s. However, as fading becomes faster, the
BER performance deviates from the ideal TPC case
and approaches that of no TPC. When M = 1 and
fDTtpc = 10−3, while the BER performance remains
almost the same as the ideal TPC case for γtpc <10 dB,
it degrades significantly for γtpc > 10 dB. It is worth-
while noting that in this large γtpc region, the BER
performance curve is parallel to the no TPC case. For
other values of fDTtpc, similar trend can be seen, e.g.,
when fDTtpc = 10−2, this is seen for γtpc > 7 dB. Also,
the same is true when antenna diversity is used. The
reason why the BER performance curve is parallel to
the no TPC case, in large γtpc region, is discussed be-
low.

2.4 Discussions

It can be seen from Fig. 2(a) of no antenna diversity
case that the TPC target required for BER = 10−4

is γtpc = 19dB when fDTtpc = 10−2, while the to-
tal required average received Eb/η0 is Γ = 34dB for
the case of no TPC (note that this is not shown in
Fig. 2(a)). That the performance curve in regions of
γtpc >7 dB is parallel to that of no TPC implies that
the γ-variations below γ < γtpc are similar to the no
fading case with Γ = 34 dB. This can be confirmed by
plotting the γ-variations with and without fast TPC.
Figure 3 plots an example of variations of the received
Eb/η0, γ, and the transmit Eb/η0, γT , which is defined
as γT = (T/(2η0))PT . In a time interval of t/T = 300
to 800, the fast TPC cannot track against the fast
and deep fade and thus, the transmit power cannot be
increased in inverse proportion to the channel power

(a) M = 1

(b) M = 2

Fig. 2 Measured average BER performance when ∆tpc = 1dB.

gain. Therefore, the received γ fades similarly in the
no TPC case. This is the reason why in large γtpc re-
gions, the BER performance curve becomes parallel to
the no TPC case.
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(a) TPC with γtpc = 19dB

(b) no TPC with Γ = 34dB

Fig. 3 Variations in received γ. fDTtpc = 0.01 and ∆tpc =
1dB.

3. Model of Fast TPC Operation

3.1 Received Eb/η0 Based on TPC Modeling

With ideal TPC, the transmit Eb/η0, γT (t), in the con-
tinuous time representation is given, from Eq. (3), by

γT (t) = PT (t)
(

T

2η0

)
=

γtpc

gMRC(t)
. (9)

However, it can be assumed from the discussion pre-
sented in Sect. 2.4 that, in a practical TPC, the trans-
mit power cannot be increased in inverse proportion
to gMRC(t) when the value of gMRC(t) falls below the
threshold gth . Hence, we model the time variation of
transmit Eb/η0 as follows:

γT (t) =
γtpc

g̃MRC(t)
, (10)

where g̃MRC(t) is the equivalent power gain given by

g̃MRC(t) =
{

gMRC(t), if gMRC(t) ≥ gth

gth , otherwise . (11)

Fig. 4 Comparison of real γ(t) and modeled γ(t). fDTtpc =
0.01, Γ = 34dB, M = 1, ∆tpc = 1dB, and γtpc = 19dB.

Then, the resultant received Eb/η0, γ(t), becomes

γ(t) = γtpc
gMRC(t)
g̃MRC(t)

=




γtpc, if gMRC(t) ≥ gth(
γtpc

gth

)
gMRC(t), otherwise

, (12)

which means that γ(t) varies in proportion to the real
channel gain when γ(t) < γtpc. Remember that most of
the decision errors are produced when γ(t) falls close to
the noise power. This means that the resultant average
BER performance becomes parallel to the no TPC case
in high γtpc regions. Hence, from Eq. (12), the time
variation of γ(t) with practical TPC can be viewed as
the one without TPC having the average Eb/η0 Γ, given
by

Γ =
(

γtpc

gth

)
E[gMRC(t)] = M

γtpc

gth
. (13)

The above TPC operation modeling is applied to
obtain the variations in γ(t) of the practical TPC in
fast fading with fDTtpc = 0.01. The value of gth can be
found by comparing the measured BER performance of
TPC with that of no TPC. We choose, from Fig. 2, a
certain value of target TPC γ∗

tpc in the region where the
measured average BER performance curve is parallel to
that of no TPC. Then, we find the value of Γ∗ for no
TPC that gives the same average BER. Finally, gth can
be obtained from

gth = M
γ∗

tpc

Γ∗ . (14)

The value of gth for M = 1 was found to be −15 dB
and the real γ(t) and the modeled γ(t) are compared
in Fig. 4. A good agreement is seen in the regions of
γ(t) < γtpc.

Figure 5 plots the cdf’s of γ as a function of the
relative received Eb/η0, γ/γtpc, for various values of
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(a) M = 1

(b) M = 2

Fig. 5 Comparison of measured cdf of γ and that obtained
theoretically based on TPC modeling. ∆tpc = 1dB.

fDTtpc, when ∆tpc = 1dB to compare the measured
cdf of γ and that obtained theoretically based on TPC
modeling. Applying the model of Eq. (12), the theoret-
ical cdf of γ is given by

P (γ)=



1−exp

(
− γ

γtpc/gth

)M−1∑
m=0

{γ/(γtpc/gth)}m

m!
,

if γ < γtpc

1, otherwise.
(15)

With no TPC, it is given by [3]

P (γ) = 1− exp
(
−γ

Γ

) M−1∑
m=0

(γ/Γ)m

m!
. (16)

It can be clearly seen from Fig. 5 that the measured
cdf and the one obtained theoretically based on TPC
modeling show good agreement if γ/γtpc < −5 dB.

The value of gth depends on the values of fDTtpc,
M and ∆tpc and was found using Eq. (14) by comparing
the measured BER performance of TPC with that of no
TPC for various values of fDTtpc and M when ∆tpc =
1dB. The results are plotted in Fig. 6 for M = 1 and 2,
from which the following relationship can be found for
fDTtpc < 0.02:

gth = c(M,∆tpc)(fDTtpc)2 (17)

where c(M,∆tpc) is a function of M and ∆tpc. Equa-
tion (17) is confirmed by the theory in Appendix, but
c(M,∆tpc) needs to be estimated based on the com-
puter simulations. Using computer simulation results
and Eq. (14), we found that c(M,∆tpc = 1dB) =
3.0 × 102 and 7.2 × 102 for M = 1 and 2, respectively.
Also plotted in Fig. 6 is the measured normalized fade
duration τ̄ /Ttpc at gMRC(t) = gth . The solid lines in
the figure are the estimated τ̄ /Ttpc curves based on
TPC modeling. They are computed using Eq. (A· 8)
of Appendix. For this computation, it is necessary to
find δth . It was found from Eq. (A· 5) that δth ≈ 1.8 dB
and 1.2 dB and thus, τ̄ /Ttpc = 6.9 and 5.3 for M = 1
and 2, respectively. Fairly good agreement between the
measured and estimated fade duration curves is seen.

Table 2 shows the value of c(M,∆tpc) for various
values of M and ∆tpc. Also shown are the values of
δth/Ttpc and τ̄ /Ttpc. For the given M , as the step size
∆tpc becomes larger, c(M,∆tpc) decreases (i.e., δth in-
creases) since the tracking ability of TPC against fading
improves. On the other hand, for the given ∆tpc, as the
number M of antennas increases, c(M,∆tpc) increases
(i.e., δth decreases). A possible reason for this may be
that the variations of gMRC(t) becomes less severe as
M increases.

3.2 BER Analysis Based on TPC Modeling

The average BER Pb(γtpc) for coherent QPSK can be
computed from

Pb(γtpc) =
1
2

∫ ∞

0

erfc
√

γp(γ)dγ, (18)

where p(γ) is the pdf of γ and can be obtained from
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(a) M = 1

(b) M = 2

Fig. 6 Measured value of gth and normalized fade duration
τ̄ /Ttpc when ∆tpc = 1dB.

Eqs. (15) and (16). When M ≥ 1, substituting

p(γ) =




γM−1

(γtpc/gth)M
exp

(
− γ

γtpc/gth

)
,

if γ < γtpc

exp(−gth)δ(γ − γtpc)
M−1∑
m=0

gm
th

m!
,

otherwise

(19)

into Eq. (18), we have

Table 2 Measured values of c(M,∆tpc), δth , and τ̄ /Ttpc.

(a) Effect of M

(b) Effect of ∆tpc

Pb(γtpc) =
1
2

[
1− 1− erfc

√
γtpc + gth√

1 + gth/γtpc

M−1∑
m=0

(
2m
m

)

· 1
{4(1 + γtpc/gth)}m

]

+
√

γtpc

π
exp{−(γtpc + gth)}

·
M−1∑
m=1

(
2m
m

)
1

{4(1 + γtpc/gth)}m

·
m−1∑
n=0

{2(γtpc + gth)}n

(2n+ 1)!!
. (20)

Note that when M = 1,
0∑

m=1
(.) = 0 in Eq. (20). Substi-

tuting the values of gth , obtained from computer simu-
lation, into Eq. (20), the theoretical BER performance
based TPC modeling can be obtained and the results
are plotted in Fig. 7. Also plotted is the measured BER
performance of the practical TPC. Fairly good agree-
ment is seen. This confirms the validity of our TPC
modeling.

4. Conclusion

In this paper, practical TPC in a fast fading chan-
nel with M -antenna MRC diversity was modeled. In
this model, when the equivalent channel power gain,
gMRC(t), seen at diversity combiner output falls be-
low a threshold value, gth , the fast TPC cannot track
against channel power gain variation. The parameter of
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(a) M = 1

(b) M = 2

Fig. 7 Comparison of theoretical BER performance based on
TPC modeling and measured BER performance when ∆tpc =
1dB.

this TPC modeling is gth , which depends on fDTtpc, M
and ∆tpc. It was theoretically found that gth is propor-
tional to (fDTtpc)2. The dependence of gth and τ̄ /Ttpc

on M and ∆tpc was determined by computer simula-
tions. Then, the cdf of the Eb/η0, γ, and the average
BER performance were estimated and compared with
measured results to find fairly good agreement. TPC

modeling presented in this paper can be used to under-
stand the TPC operation in a fast fading channel and to
estimate the degradation of transmission performance.
The understanding of fade duration with fast TPC may
contribute to better designing of an error control sys-
tem with fast TPC and antenna diversity reception in
a fading channel.
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Appendix

The equivalent channel power gain with M -antenna

MRC antenna diversity gMRC(t) =
M−1∑
m=0

gm(t) is ex-

pressed in dB. Let gm(t) = r2m(t), where rm(t) is a ran-
dom process following Rayleigh distribution. The time
derivative of χ(t) = 10 log10[gMRC(t)] at gMRC(t) =
gMRC is given by

χ =
20
ln 10

1
gMRC

M−1∑
m=0

rmr′m dB/sec, (A· 1)

where r′m = r′m(t) = drm(t)/dt. According to TPC
modeling presented in this paper, the fast TPC can-
not track against gMRC(t) when gMRC(t) < gth . We
assume that the value of gth is the level that gives
E[|χ|] = δth dB per Ttpc sec, where E[.] represents en-
semble average operation.

In Rayleigh fading, {r′m; m = 0, 1, . . . , M − 1} are
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the random variables which follow iid Gaussian distri-
butions with zero mean and equal variance of 2(πfD)2.
Hence, for the given {rm; m = 0, 1, · · · , M − 1}, χ
becomes zero-mean Gaussian variable. Since gMRC =
M−1∑
m=0

r2m, the variance of χ is given by

σ2 = E[χ2] =
(
20
ln 10

)2 1
g2MRC

M−1∑
m=0

r2mE[rm
′2]

=
(
20
ln 10

)2

2(πfD)2
1

g2MRC

M−1∑
m=0

r2m

=
(
20
ln 10

)2 2(πfD)2

gMRC
. (A· 2)

Therefore, E[|χ|] becomes

E[|χ|] =
√
2
π

σ =
20
ln 10

2fD
√

π
√

gMRC
. (A· 3)

Letting gMRC = gth and equating E[|χ|] to δth/Ttpc,
gth is obtained as

gth = c(M,∆tpc)(fDTtpc)2, (A· 4)
where

c(M,∆tpc) =
(
20
ln 10

2
√

π

δth

)2

, (A· 5)

which is Eq. (17). The value of gth is found by compar-
ing the measured BER performance of TPC and that
of no TPC and using Eq. (14). Then, once c(M,∆tpc)
is found, δth can be obtained using Eq. (A· 5) for the
given fDTtpc.

We may be interested in the average fade dura-
tion τ̄ of gMRC(t) at gMRC = gth . The average fade
duration normalized by the TPC period Ttpc can be
obtained as [10]

τ̄

Ttpc
=

fD τ̄

fDTtpc

=
(M − 1)!
fDTtpc

exp(gth)−
M−1∑
m=0

gm
th/m!

√
2πg

M−1/2
th

=
(M − 1)!
fDTtpc

∞∑
m=M

gm
th/m!

√
2πg

M−1/2
th

. (A· 6)

When gth 
 1, Eq. (A· 6) can be well approximated as
τ̄

Ttpc
≈ 1

M

√
gth√

2πfDTtpc

. (A· 7)

Finally, substitution of Eqs. (A· 4) and (A· 5) into
Eq. (A· 7) gives

τ̄

Ttpc
≈ 20

√
2

M ln 10
1

δth
. (A· 8)
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