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PAPER

Bit Error Rate Analysis of DS-CDMA with Joint
Frequency-Domain Equalization and Antenna Diversity Combining

Fumiyuki ADACHI†a), Member and Kazuaki TAKEDA†, Student Member

SUMMARY To improve the DS-CDMA signal transmission perfor-
mance in a frequency-selective fading channel, the frequency-domain
equalization (FDE) can be applied, in which simple one-tap equalization
is carried out on each subcarrier component obtained by fast Fourier trans-
form (FFT). Equalization weights for joint FDE and antenna diversity com-
bining based on maximal ratio combining (MRC), zero-forcing (ZF), and
minimum mean square error (MMSE) are derived. The conditional bit er-
ror rate (BER) is derived for the given set of channel gains in a frequency-
selective multipath fading channel. The theoretical average BER perfor-
mance is evaluated by Monte-Carlo numerical computation method using
the derived conditional BER and is confirmed by computer simulation. Per-
formance comparison between DS- and multi-carrier (MC)-CDMA both
using FDE is also presented.
key words: DS-CDMA, frequency-domain equalization, antenna diversity,
mobile radio

1. Introduction

In next generation wireless communications systems, very
high-speed data transmission is required under severe fad-
ing environments [1]. Frequency-selective multipath fading,
encountered in a broadband wireless digital communication
system, severely degrades the bit error rate (BER) perfor-
mance [2], [3]. In direct sequence code division multiple ac-
cess (DS-CDMA), well-known rake combining is applied to
improve the BER performance [4]. However, as the spread-
ing chip rate increases (or the spreading bandwidth becomes
broader), the frequency-selectivity of the fading channel be-
comes severer due to increasing number of resolvable prop-
agation paths. Accordingly, the increase in the inter-path in-
terference (IPI) resulting from the asynchronism among dif-
ferent paths degrades the BER performance. Furthermore,
the complexity of the rake receiver increases due to the in-
crease in the number of rake fingers (or correlators) that are
required for collecting enough signal power for data demod-
ulation.

Recently, the combination of multi-carrier (MC) and
CDMA, called MC-CDMA, has been attracting much at-
tention for a broadband wireless multi-access and is under
extensive study [5]–[9]. In MC-CDMA, each user’s data-
modulated symbol to be transmitted is spread over a num-
ber of orthogonal subcarriers using a spreading sequence de-
fined in the frequency-domain. In an MC-CDMA receiver,
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simple one-tap frequency-domain equalization (FDE) is car-
ried out on each received subcarrier component to improve
the BER performance by exploiting the multipath channel
frequency-selectivity.

Meanwhile, single-carrier wireless transmission with
FDE is also gaining popularity [10]. Recently, it was shown
by our computer simulation [11] that FDE can be applied to
the reception of multi-code DS-CDMA signals in a severe
frequency-selective fading channel to obtain the BER per-
formance similar to that of MC-CDMA. Fast Fourier trans-
form (FFT) is applied to decompose the received multi-code
DS-CDMA signal into a number of subcarrier components
(in this paper, the term “subcarrier” is used although sub-
carriers are not used for data modulation and the number of
subcarriers equals to the FFT window size (or number of
samples for FFT)) and FDE is carried out on each subcarrier
component. Despreading can be done after performing in-
verse FFT (IFFT). In [11], the FFT window size equal to the
spreading factor was assumed. However, it should be noted
[12] that the spreading factor can be arbitrarily chosen irre-
spective of the FFT widow size. This suggests that FDE can
also be applied to a multi-rate/multi-code DS-CDMA using
orthogonal variable spreading factor (OVSF) codes [4]. In
[13], it is shown that the FDE and despreading based on
maximal ratio combining (MRC) is equivalent to the well-
known rake combining. In addition to the use of FDE, an-
tenna diversity reception is a powerful technique to further
improve the BER performance in a frequency-selective fad-
ing channel [12] as in a frequency-nonselective fading chan-
nel. This is also true for MC-CDMA [14]. So far presented
are only the simulation results to show how the use of FDE
or joint use of FDE and antenna diversity reception improves
the BER performance of DS-CDMA. To the best of author’s
knowledge, there has been no literature which theoretically
treated the BER performance of DS-CDMA with joint FDE
and antenna diversity reception.

This paper is intended to give a theoretical foundation
to joint FDE and antenna diversity combining for the re-
ception of DS-CDMA signals for the uncoded case. The
remainder of this paper is organized as follows. Section 2
presents the transmission system model of DS-CDMA using
joint FDE and antenna diversity combining. Then, equal-
ization weights based on maximal-ratio combining (MRC),
zero-forcing (ZF) and minimum mean square error combin-
ing (MMSE) are derived for joint FDE and antenna diversity
combining in Sect. 3. An exrression for the conditional BER
is derived for the given set of channel gains at different sub-
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carrier frequencies and, in Sect. 4, the theoretical average
BER is evaluated by Monte-Carlo numerical computation
method using the derived BER expression. In Sect. 5, the
average BER performance is evaluated by computer simu-
lation of the signal transmissions to confirm the theoretical
analysis. Section 6 offers some conclusions and future work.

2. Transmission System Model

The data modulated symbol sequence is serial-to-parallel
(S/P) converted into U parallel data streams {du(n); u = 0 ∼
U − 1}, which are then spread using U orthogonal spreading
sequences {cu(t); u = 0 ∼ U − 1} having a spreading fac-
tor of SF. The resultant U chip sequences are summed and
further multiplied by a scramble sequence cscr(t) to form the
orthogonal multicode DS-CDMA signal, which is then di-
vided into blocks of Nc chips. To apply FFT on the received
DS-CDMA signals at the receiver, inserting the guard inter-
val (GI) of Ng chips before transmission is necessary [11]–
[13], similar to MC-CDMA, as shown in Fig. 1. Then, the
time delayed signal is viewed as a circularly shifted version
of the transmitted signal.

2.1 Transmit/Receive Signal Representation

Throughout this paper, Tc-spaced discrete time representa-
tion is used, where Tc represents the chip duration of the
time-domain spreading codes. Without loss of generality, a
time interval of −Ng ≤ t < Nc is considered for the trans-
mission of (U/SF) × Nc data symbols, where U ≤ SF. In
this paper, we assume the square-root Nyquist chip shaping
filter at the transmitter and the same filter at the receiver as
the chip-matched filter. Also, ideal chip sampling timing is
assumed at the receiver. The GI-inserted chip sequence s̃(t)
can be expressed using the equivalent lowpass representa-
tion as

s̃(t) =

√
2Ec

Tc
s(t mod Nc), (1)

where Ec is the chip energy per parallel data stream and

(a)

(b)

Fig. 1 Transmitter structure and GI insertion for DS-CDMA with FDE.

s(t) =


U−1∑
u=0

du (�t/SF	) cu(t mod SF)

 cscr(t) (2)

with |du(n)| = |cu(t)| = |cscr(t)|=1, where �x	 is the largest
integer smaller than or equal to x. The orthogonal spread-
ing sequences and the scramble sequence have the following
characteristics:

1
SF

SF−1∑
t=0

cu(t)c∗u′ (t) = δ(u − u′)

E[cscr(t)c
∗
scr(τ)] = δ(t − τ), (3)

where the asterisk denotes the complex conjugate operation,
δ(x) the delta function, and E[.] the ensemble average oper-
ation.

The transmitted signal is received via a frequency-
selective fading channel. M-branch antenna diversity recep-
tion is considered. Assuming that the channel has L inde-
pendent propagation paths with Tc-spaced distinct time de-
lays {τl; l = 0 ∼ L − 1}, the discrete-time impulse response
hm(t) of the multipath channel experienced by the mth an-
tenna is expressed as

hm(t) =
L−1∑
l=0

hm,lδ(t − τl), (4)

where hm,l is the lth path gain with
∑L−1

l=0 E[
∣∣∣hm,l

∣∣∣2] = 1. As-
suming block fading so that the path gains remain constant
over one block interval of Nc chips, time dependency of the
channel has been dropped for simplicity. It is assumed that
the maximum time delay of the channel is shorter than GI.
The received signal is sampled at the chip rate. The received
signal on the mth antenna is

rm(t) =
L−1∑
l=0

hm,l s̃(t − τl) + ηm(t), (5)

where ηm(t) is the additive white Gaussian noise (AWGN)
process with zero mean and variance 2N0/Tc with N0 being
the single-sided power spectrum density.

2.2 Joint FDE and Diversity Combining and Despreading

The receiver structure is illustrated in Fig. 2. After removal
of GI, Nc-point FFT is applied to the received signal rm(t) to
obtain

Rm(k) =
Nc−1∑
t=0

rm(t) exp

(
− j2πk

t
Nc

)

=

√
2Ec

Tc
S (k)

L−1∑
l=0

hm,l exp

(
− j2πk

τl

Nc

)
+ Πm(k)

=

√
2Ec

Tc
S (k)Hm(k) + Πm(k) (6)

for 0 ≤ k < Nc, where S (k), Hm(k) and Πm(k) are the
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Fig. 2 Receiver structure using joint FDE and diversity combining and despreading.

kth subcarrier component of the orthogonal multicode DS-
CDMA signal s(t), the channel gain at the kth subcarrier
frequency and the zero-mean noise sample having variance
2(N0/Tc)Nc also at the kth subcarrier frequency, respec-
tively. They are given by

S (k) =
Nc−1∑
t=0

s(t) exp

(
− j2πk

t
Nc

)

Hm(k) =
L−1∑
l=0

hm,l exp

(
− j2πk

τl

Nc

)

Πm(k) =
Nc−1∑
t=0

ηm(t) exp

(
− j2πk

t
Nc

)
. (7)

Letting the equalization weight for the mth antenna be
wm(k), the subcarrier component R̂(k) after equalization and
diversity combining is given by

R̂(k) =
M−1∑
m=0

wm(k)Rm(k)

=

√
2Ec

Tc
S (k)Ĥ(k) + Π̂(k), (8)

where Ĥ(k) and Π̂(k) are the equivalent channel gain and the
noise component after joint FDE and antenna diversity com-
bining, respectively, and are given by

Ĥ(k) =
M−1∑
m=0

wm(k)Hm(k)

Π̂(k) =
M−1∑
m=0

wm(k)Πm(k). (9)

Then, Nc-point IFFT is performed on {R̂(k); k = 0 ∼ Nc − 1}
to produce the time-domain signal {r̂(t); t = 0 ∼ Nc − 1}:

r̂(t) =
1

Nc

Nc−1∑
k=0

R̂(k) exp

(
j2πt

k
Nc

)
. (10)

Substitution of Eqs. (7) and (8) into Eq. (10), r̂(t) can
be expressed as

r̂(t) =

√
2Ec

Tc

 1
Nc

Nc−1∑
k=0

Ĥ(k)

 s(t)

+

√
2Ec

Tc

1
Nc

Nc−1∑
k=0

Ĥ(k)


Nc−1∑
τ=0
�t

s(τ) exp

(
j2πk

t − τ
Nc

)
+

1
Nc

Nc−1∑
k=0

Π̂(k) exp

(
j2πt

k
Nc

)
. (11)

The first term represents the desired signal component, the
second the inter-chip interference (ICI) owing to IPI and the
third the noise component. Note that the ICI is the sum
of the interference from own spreading code (called self-
interference) and from other spreading codes (called other
code-interference).

Without loss of generality, detection of the nth data
symbol of the uth data stream is considered. The despreader
output for decision on du(n) is given by

Ψu(n) =
1

SF

(n+1)SF−1∑
t=nSF

r̂(t)c∗(t), (12)

where

c(t) = cu(t mod SF)cscr(t). (13)

Substitution of Eq. (11) into Eq. (12) gives

Ψu(n) =

√
2Ec

Tc

 1
Nc

Nc−1∑
k=0

Ĥ(k)

 du(n) + µICI(n)

+ µnoise(n), (14)

where the first term represents the desired data symbol com-
ponent and the second and third terms are ICI and noise due
to AWGN, respectively. µICI and µnoise are given by

µICI(n) =
1

SF

(n+1)SF−1∑
t=nSF

c∗(t)

× 1
Nc

Nc−1∑
k=0

Ĥ(k)


√

2Ec

Tc

Nc−1∑
τ=0
�t

s(τ) exp

(
j2πk

t − τ
Nc

)
µnoise(n) =

1
SF

(n+1)SF−1∑
t=nSF

c∗(t)

× 1
Nc

Nc−1∑
k=0

Π̂(k) exp

(
j2πt

k
Nc

)
. (15)
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3. Weights for Joint FDE and Antenna Diversity Com-
bining

First, we consider MRC equalization weight and show that
FDE using MRC is equivalent to rake combining [13]. Then,
ZF equalization weight is obtained followed by MMSE
equalization weight. ZF equalization is a special case of
MMSE equalization.

3.1 MRC Equalization

We want to find the set of weights {wm(k); m = 0 ∼ M −
1} that maximizes the signal-to-noise power ratio (SNR) of
Ψu(n) for the given set of {Hm(k); m = 0 ∼ M − 1}. Since
{Πm(k); k = 0 ∼ Nc − 1 and m = 0 ∼ M − 1} are the
independent and identically distributed (i.i.d.) zero-mean
complex-valued noise samples having variance 2(N0/Tc)Nc,
SNR of Ψu(n) is given by

S NR =

2Ec

Tc

∣∣∣∣∣∣∣ 1
Nc

Nc−1∑
k=0

Ĥ(k)

∣∣∣∣∣∣∣
2

σ2
µnoise

= 2

(
Es

N0

)
∣∣∣∣∣∣∣ 1
Nc

Nc−1∑
k=0

M−1∑
m=0

wm(k)Hm(k)

∣∣∣∣∣∣∣
2

1
Nc

Nc−1∑
k=0

M−1∑
m=0

|wm(k)|2
, (16)

where σ2
µnoise
= (1/2)E[|µnoise|2] and Es/N0 = (Ec/N0)SF is

the average received symbol energy-to-AWGN power spec-
trum density ratio. Applying the Schwarz inequality for
complex-valued numbers [15], the MRC weight that max-
imizes Eq. (16) is found to be

wMRC
m (k) = H∗m(k). (17)

The MRC equalization enhances the frequency-selectivity
of the channel and increases the ICI. Hence, it does not
necessarily maximize the signal-to-interference plus noise
power ratio (SINR), and degrades the BER performance
[16].

From Eqs. (7), (8), and (17), Eq. (10) can be rewritten
as

r̂(t) =
1

Nc

Nc−1∑
k=0


M−1∑
m=0

H∗m(k)Rm(k)

 exp

(
j2πt

k
Nc

)

=

M−1∑
m=0

L−1∑
l=0

h∗m,l

 1
Nc

Nc−1∑
k=0

Rm(k) exp

(
j2πk

t + τl

Nc

)
=

M−1∑
m=0

L−1∑
l=0

h∗m,lrm(t + τl). (18)

Hence, Eq. (12) becomes

Ψu(n) =
M−1∑
m=0

L−1∑
l=0

h∗m,lr̂m,l, (19)

where

r̂m,l =
1

SF

(n+1)SF−1∑
t=nSF

rm(t + τl)c
∗(t) (20)

is the correlator (or rake finger) output synchronized to
the signal received via the lth propagation path associated
with the mth antenna (this can be understood from Eq. (5)).
Hence, the FDE using MRC and despreading is equivalent
to the well-known rake combining.

The above discussion suggests [13] that the use of FDE
provides the BER performance identical to the rake combin-
ing, but with the power penalty of a factor of (1+Ng/Nc) due
to GI insertion. In rake combining, the multipath channel
must be resolved into L paths having different time delays
and channel estimation is performed for coherent combin-
ing. If too many paths are present (or the channel frequency-
selectivity is strong), the signal power of each path becomes
small and consequently, channel estimation becomes diffi-
cult. Furthermore, the number of rake fingers should be
increased as the number of paths increases. An advantage
of FDE is that unlike rake combining, its complexity is in-
dependent of the degree of channel frequency-selectively.
However, it should be pointed out that the GI length Ng must
be longer than or equal to the maximum time delay differ-
ence of the channel and the block size Nc (or FFT window
size) must be shorter enough so that the fading can be seen
as block fading.

3.2 ZF Equalization

If the equivalent channel gain is made unity for all subcarri-
ers, i.e.,

Ĥ(k) =
M−1∑
m=0

wm(k)Hm(k) = 1, (21)

we have µICI=0 in Eq. (15) and then Eq. (14) becomes

Ψu(n) =

√
2Ec

Tc
du(n) + µnoise. (22)

The orthogonality among different data streams can be com-
pletely restored. The weight that satisfies Eq. (21) is called
the ZF weight, which is given by

wZF
m (k) =

H∗m(k)
M−1∑
m=0

|Hm(k)|2
. (23)

3.3 MMSE Equalization

The transmitted signal is given by Eq. (1). Its kth subcarrier
component is given by

S̃ (k) =

√
2Ec

Tc
S (k). (24)
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However, the corresponding subcarrier component of the
received signal is different from Eq. (24) and is given by
Eq. (8). We define the equalization error at the kth subcarrier
as

ε(k) = S̃ (k) − R̂(k)

=

√
2Ec

Tc
S (k)

1 −
M−1∑
m=0

wm(k)Hm(k)


−

M−1∑
m=0

wm(k)Πm(k). (25)

We want to find the set of equalization weights {wm(k); m =
0 ∼ M − 1} that minimizes the mean square error (MSE)
E[|ε(k)|2] for the given set of {Hm(k); m = 0 ∼ M − 1}. It
is assumed that the U data-modulated symbols {du(n); u =
0 ∼ U − 1} are zero-mean and i.i.d. complex-valued random
variables. Since E[|S (k)|2] = NcU (this can be found from
Eqs. (2) and (7)) and since Πm(k) is a zero-mean complex-
valued noise sample having variance 2(N0/Tc)Nc, the MSE
for the given set of {Hm(k); m = 0 ∼ M − 1} becomes

E[|ε(k)|2]

=
2Ec

Tc
NcU



1 +

∣∣∣∣∣∣∣
M−1∑
m=0

wm(k)Hm(k)

∣∣∣∣∣∣∣
2

−2Re


M−1∑
m=0

wm(k)Hm(k)


+

(
Es

N0

U
SF

)−1 M−1∑
m=0

|wm(k)|2


. (26)

The set of weights that satisfy ∂E[|ε(k)|2]/∂wm(k) = 0 for all
m is the optimum one in the MMSE sense. Following [14],
we obtain the following MMSE weight:

wMMSE
m (k) =

H∗m(k)
M−1∑
m=0

|Hm(k)|2 +
(

U
SF

Es

N0

)−1
, (27)

which is identical to the MMSE weight for MC-CDMA
[14]. When M=1 (no antenna diversity), Eq. (27) reduces
to the MMSE weight shown in [17]. Removing the contri-
bution of the noise (the second term of the denominator of
Eq. (27)) gives the ZF weight of Eq. (23).

4. BER Analysis

The weights, derived in Sect. 3, for joint FDE and antenna
diversity combining of DS-CDMA signals are identical to
those of MC-CDMA [14]. In this section, we first theo-
retically derive the conditional BER based on Gaussian ap-
proximation of ICI and then, numerically evaluate the theo-
retical average BER performance. Finally, the performance
comparison between DS- and MC-CDMA is presented. In
the following analysis, as stated in Sect. 2, we assume block
fading (i.e., the path gains stay constant over one block of
Nc chips) and the maximum time delay of the channel being
shorter than the GI length.

4.1 Expression for Conditional BER

It can be understood from Eq. (14) that the despreader output
Ψu(n) is a random variable with mean

√
2Ec/Tc(N−1

c
∑Nc−1

k=0

Ĥ(k))du(n). Since the scramble sequence is used to make
the resultant orthogonal multicode DS-CDMA signal white-
noise like, i.e., E[s(t)s∗(τ)] = Uδ(t− τ), µICI can be approx-
imated as a zero-mean complex-valued Gaussian noise. As
a sequel, the sum of µICI and µnoise can be treated as a new
zero-mean complex-valued Gaussian noise µ. The variance
of µ is the sum of those of µICI and µnoise:

2σ2
µ = E[|µ|2] = 2σ2

µICI
+ 2σ2

µnoise
, (28)

where, from Appendix,

σ2
ICI =

1
2

E[|µICI |2]

=
U
SF

Ec

Tc

 1
Nc

Nc−1∑
k=0

∣∣∣Ĥ(k)
∣∣∣2 −
∣∣∣∣∣∣∣ 1
Nc

Nc−1∑
k=0

Ĥ(k)

∣∣∣∣∣∣∣
2

σ2
noise =

1
2

E[|µnoise|2]

=
1

SF
N0

Tc

 1
Nc

Nc−1∑
k=0

M−1∑
m=0

|wm(k)|2
 (29)

for the given set of {Hm(k) and wm(k); k = 0 ∼ Nc − 1 and
m = 0 ∼ M − 1}. Therefore, we have

σ2
µ =

1
SF

N0

Tc

×



1
Nc

Nc−1∑
k=0

M−1∑
m=0

|wm(k)|2 +
(

U
SF

Es

N0

)

·
 1

Nc

Nc−1∑
k=0

∣∣∣Ĥ(k)
∣∣∣2 −
∣∣∣∣∣∣∣ 1
Nc

Nc−1∑
k=0

Ĥ(k)

∣∣∣∣∣∣∣
2


.

(30)

We assume quaternary phase shift keying (QPSK) data-
modulation and all “1” transmission (i.e., du(n) = (1 +
j1)/
√

2) without loss of generality. Since the ICI can be as-
sumed to be circularly symmetric, the conditional BER for
the given set of {Hm(k); m = 0 ∼ M − 1 and k = 0 ∼ Nc − 1}
(or equivalently, the given set of path gains {hm,l; m = 0 ∼
M − 1 and l = 0 ∼ L − 1}) can be expressed as

pb

(
Es

N0
, {Hm(k)}

)

=
1
2

Prob [Re[Ψu(n)] < 0| {Hm(k)}]

+
1
2

Prob [Im[Ψu(n)] < 0| {Hm(k)}]

=
1
2

er f c


√

1
4
γ

(
Es

N0
, {Hm(k)}

) , (31)
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where er f c[x] = (2/
√
π)
∫ ∞

x
exp(−t2)dt is the complemen-

tary error function and γ (Es/N0, {Hm(k)}) is the conditional
SINR defined as

γ

(
Es

N0
, {Hm(k)}

)

=
2Ec

Tc

∣∣∣∣∣∣∣ 1
Nc

Nc−1∑
k=0

Ĥ(k)

∣∣∣∣∣∣∣
2 /
σ2
µ

=

2

(
Es

N0

) ∣∣∣∣∣∣∣ 1
Nc

Nc−1∑
k=0

Ĥ(k)

∣∣∣∣∣∣∣
2



1
Nc

Nc−1∑
k=0

M−1∑
m=0

|wm(k)|2 +
(

U
SF

Es

N0

)

·
 1

Nc

Nc−1∑
k=0

∣∣∣Ĥ(k)
∣∣∣2 −
∣∣∣∣∣∣∣ 1
Nc

Nc−1∑
k=0

Ĥ(k)

∣∣∣∣∣∣∣
2



(32)

with Ĥ(k) =
∑M−1

m=0 wm(k)Hm(k) and

wm(k) =



H∗m(k), for MRC

H∗m(k)
M−1∑
m=0

|Hm(k)|2
, for ZF

H∗m(k)
M−1∑
m=0

|Hm(k)|2 +
(

U
SF

Es

N0

)−1
,

for MMSE.

(33)

The theoretical average BER can be numerically evaluated
by averaging Eq. (31) over {Hm(k); m = 0 ∼ M − 1 and
k = 0 ∼ Nc − 1}:

Pb

(
Es

N0

)
=

∫
· · ·
∫

1
2

er f c


√

1
4
γ

(
Es

N0
, {Hm(k)}

)
p({Hm(k)})

∏
m,k

dHm(k), (34)

where p({Hm(k)}) is the joint probability density function
(pdf) of {Hm(k); m = 0 ∼ M − 1 and k = 0 ∼ Nc − 1}.

4.2 Lower Bounded BER

It can be understood from Eq. (32) that as the value of U/SF
becomes smaller, the effect of ICI becomes less and less and
thus, the achievable BER performance improves. A math-
ematically extreme case is when U/SF → 0 (i.e., ICI is
neglected). The maximum achievable conditional SINR is
given by Eq. (32) with MRC equalization and U/SF → 0.
Substituting Eq. (17) and U/SF = 0 into Eq. (32), we have

γmax

(
Es

N0
, {Hm(k)}

)
= 2

(
Es

N0

)
1

Nc

Nc−1∑
k=0

M−1∑
m=0

|Hm(k)|2.

(35)

An equivalent expression can be given, from Eq. (7), by

γmax

(
Es

N0
, {Hm(k)}

)
= 2

(
Es

N0

) M−1∑
m=0

L−1∑
l=0

∣∣∣hm,l

∣∣∣2. (36)

Denoting the pdf of α =
∑M−1

m=0
∑L−1

l=0

∣∣∣hm,l

∣∣∣2 by p(α), the av-
erage BER is lower bounded as

Pb,lower

(
Es

N0

)
=

∫ ∞
0

1
2

er f c


√
α

1
2

Es

N0

 p(α)dα. (37)

Let assume a frequency-selective Rayleigh fading
channel having the uniform power delay profile. Then, {hm,l}
are zero-mean and i.i.d. complex-valued Gaussian variables
with the variance of 1/L. The pdf of γ is given by [3]

p(α) =
LML

(ML − 1)!
αML−1 exp(−αL). (38)

Thus, the lower bounded average BER is given by [3]

Pb,lower

(
Es

N0

)
=

12
1 −

√√√ Es

N0

Es

N0
+ 2L




ML

·
ML−1∑
k=0

(
ML − 1 + k

k

) 12
1 +

√√√ Es

N0

Es

N0
+ 2L




k

, (39)

where

(
a
b

)
is the binomial coefficient. An approximate

expression for the lower bounded average BER can be ob-
tained for Es/N0 �> 1 as [3]

Pb,lower

(
Es

N0

)
≈
(

Es

N0

)−ML (L
2

)ML ( 2ML − 1
ML

)
, (40)

which indicates that joint FDE and antenna diversity com-
bining can achieve an ML-th order frequency diversity effect
if the ICI effect can be neglected. However, due to ICI effect,
the achievable BER performance degrades.

4.3 Theoretical and Simulation Results

The condition for the numerical evaluation of the theoreti-
cal average BER and the computer simulation is shown in
Table 1. We assume a block length of Nc=256 (equal to
the FFT window size), a GI length of Ng=32, and ideal co-
herent QPSK data modulation/demodulation. As a propa-
gation channel, an L=16-path Rayleigh fading channel hav-
ing the uniform power delay profile is considered (i.e., {hm,l;

Table 1 Simulation condition.
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(a) M = 1 (b) M = 2

(c) M = 4

Fig. 3 Average BER performances using MMSE, MRC, and ZF equalizations as a function of the
average received Eb/N0 with U as a parameter. (a) M=1, (b) M=2, and (c) M=4.

m = 0 ∼ M − 1 and l = 0 ∼ L − 1} are zero-mean i.i.d.
complex-valued Gaussian variables with a variance of 1/L).
It is assumed that the time delay of the lth path is τl = l chips
and the maximum delay difference is less than the GI length
(i.e., L − 1 ≤ Ng).

The numerical evaluation of the theoretical aver-
age BER is done by Monte-Carlo numerical computation
method as follows. The set of path gains {hm,l; m = 0 ∼
M − 1 and l = 0 ∼ L − 1} is generated for obtaining {Hm(k);
k = 0 ∼ Nc − 1 and m = 0 ∼ M − 1} using Eq. (7) and
then {wm(k); k = 0 ∼ Nc − 1 and m = 0 ∼ M − 1} us-
ing Eq. (33). The conditional BER for the given average
received Es/N0 is computed using Eq. (31). This is repeated
sufficient number of times to obtain the theoretical average
BER of Eq. (34).

Also presented below are the computer simulation re-
sults to confirm the validity of the theoretical analysis. In the
simulation, an m-sequence with a repetition period of 4095
chips is used as the scramble sequence.

The theoretical average BER performance for MMSE,
MRC and ZF equalizations is plotted as a function of
the average received bit energy-to-the AWGN power spec-
trum density ratio Eb/N0, which is defined as Eb/N0 =

0.5(Es/N0)(1+ Ng/Nc), with U as a parameter in Fig. 3. For
comparison, the lower bounded average BER performance
given by Eq. (39) is also plotted. It can be seen that the
MMSE equalization provides the best BER performance for
all values of U. When U=1, the BER performance is almost
identical for MRC and MMSE equalizations and the Eb/N0

degradation for achieving BER=10−4 from the lower bound
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average BER performance becomes as small as 0.65 dB. Part
of this Eb/N0 degradation is due to the GI insertion loss of
10 log(8/7) = 0.58 dB. However, as U increases, the BER
performance degrades since the amount of ICI increases
(this is clearly understood from Eq. (32)). The BER perfor-
mance with ZF equalization is almost insensitive to U since
no ICI is produced, but the performance is worse than with
MMSE because of the noise enhancement as in MC-CDMA
[5], [14]. On the other hand, with MRC equalization, the
noise enhancement can be suppressed, but the large ICI is
produced due to enhanced frequency-selectivity. Hence, the
BER floor appears when U > 1. Note that no BER floor
is produced in the MMSE and ZF equalizations. It can also
be seen from Fig. 3 that the use of antenna diversity is pow-
erful to improve the BER performance for all equalization
schemes. The BER performance with ZF equalization con-
sistently improves as M increases, but it is still worse than
with MMSE equalization.

The computer simulated average BERs are plotted in
Fig. 3 to compare with theoretical ones. A fairly good
agreement with theoretical and computer simulated results
is seen. This confirms the validity of our BER analysis based
on the Gaussian approximation of ICI.

4.4 Comparison with MC-CDMA

We assume the number of subcarriers is equal to that of DS-
CDMA (i.e., the FFT window size is equal for DS-CDMA
and MC-CDMA). The kth subcarrier component RMC

m (k) of
MC-CDMA signal received on the mth antenna can be ex-
pressed as

RMC
m (k) =

√
2Ec

Tc
S MC(k)Hm(k) + Πm(k), (41)

where Ec and Tc are now the signal energy per FFT (or
IFFT) sample per parallel data stream and the FFT sample
period, respectively, and

S MC(k) =


U−1∑
u=0

du(�k/SF	)cu(k mod SF)

 cscr(k). (42)

The kth subcarrier component after equalization is given by

R̂MC(k) =
M−1∑
m=0

wMC
m (k)RMC

m (k)

=

√
2Ec

Tc
S MC(k)ĤMC(k) + Π̂MC(k), (43)

where wMC
m (k) is the equalization weight and

ĤMC(k) =
M−1∑
m=0

wMC
m (k)Hm(k)

Π̂MC(k) =
M−1∑
m=0

wMC
m (k)Πm(k). (44)

The despreader output is expressed as

ΨMC
u (n) =

1
SF

(n+1)SF−1∑
k=nSF

R̂MC(k)c∗(k), (45)

which can be rewritten as

ΨMC
u (n) =

√
2Ec

Tc

 1
SF

(n+1)SF−1∑
k=nSF

ĤMC(k)

 du(n)

+ µMC
ICI (n) + µMC

noise(n). (46)

Equations (42), (43), (45) and (46) are equations corre-
sponding to Eqs. (2), (8), (12) and (14) of DS-CDMA, re-
spectively. This implies that the results for DS-CDMA can
be applied to MC-CDMA with the replacement of Nc by
SF. However, note that in Eq. (46), the second term repre-
sents the ICI (this represents the inter-code interference for
MC-CDMA, although it is used to represent the inter-chip
interference for DS-CDMA) from other spreading codes and
hence, unlike DS-CDMA, no self-interference is present.
This means that no ICI is present when U=1. On the other
hand, since the self-interference is present in DS-CDMA,
the ICI is present even when U=1. Referring to DS-CDMA
analysis shown in Appendix and remembering that no self-
interference is present in MC-CDMA, we have

(
σMC

ICI

)2
=

U − 1
SF

Ec

Tc

 1
SF

(n+1)SF−1∑
k=nSF

∣∣∣Ĥ(k)
∣∣∣2

−
∣∣∣∣∣∣∣ 1
SF

(n+1)SF−1∑
k=nSF

Ĥ(k)

∣∣∣∣∣∣∣
2

(
σMC

noise

)2
=

N0

Tc

1

SF2

(n+1)SF−1∑
k=nSF

M−1∑
m=0

|wm(k)|2. (47)

Hence,(
σMC
µ

)2
=

N0

Tc

1
SF

×



1
SF

(n+1)SF−1∑
k=nSF

M−1∑
m=0

|wm(k)|2 +
(
U − 1

SF
Es

N0

)
 1

SF

(n+1)SF−1∑
k=nSF

∣∣∣Ĥ(k)
∣∣∣2 −
∣∣∣∣∣∣∣ 1
SF

(n+1)SF−1∑
k=nSF

Ĥ(k)

∣∣∣∣∣∣∣
2


.

(48)

The conditional SINR corresponding to Eq. (32) of MC-
CDMA is given by

γMC

(
Es

N0
, {Hm(k)}

)

=

2

(
Es

N0

) ∣∣∣∣∣∣∣ 1
SF

(n+1)SF−1∑
k=nSF

Ĥ(k)

∣∣∣∣∣∣∣
2



1
SF

(n+1)SF−1∑
k=nSF

M−1∑
m=0

|wm(k)|2 +
(
U − 1

SF
Es

N0

)
 1

SF

(n+1)SF−1∑
k=nSF

∣∣∣Ĥ(k)
∣∣∣2 −
∣∣∣∣∣∣∣ 1
SF

(n+1)SF−1∑
k=nSF

Ĥ(k)

∣∣∣∣∣∣∣
2



. (49)
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(a) M=1

(b) M=2

Fig. 4 Performance comparison between DS- and MC-CDMA using
MMSE equalization with U as a parameter for the case of SF=256. (a)
M=1 and (b) M=2.

The conditional BER is expressed as Eq. (31) and the the-
oretical average BER performance is numerically evaluated
using Eq. (34).

When U/SF is very small, the effect of ICI (inter-code
interference for MC-CDMA and inter-chip interference for
DS-CDMA) is negligible and then, both MMSE and MRC
equalizations provide almost the same performance. Let
assume MRC equalization (i.e., wm(k) = H∗m(k) and thus,
Ĥ(k) =

∑M−1
m=0 |Hm(k)|2). When U/SF � 1, the approximate

SINR with MRC equalization is given, from Eqs. (32) and
(49), by

(a) M = 1

(b) M = 2

Fig. 5 Performance comparison between DS- and MC-CDMA using
MMSE equalization with SF as a parameter for the case of U=1. (a) M=1
and (b) M=2.

γ

(
Es

N0
, {Hm(k)}

)

≈


2

(
Es

N0

)
1

Nc

Nc−1∑
k=0

M−1∑
m=0

|Hm(k)|2, for DS-CDMA

2

(
Es

N0

)
1

SF

(n+1)SF−1∑
k=nSF

M−1∑
m=0

|Hm(k)|2, for MC-CDMA

.

(50)

It can be understood from Eq. (50) that when U/SF � 1, the
BER performance of DS-CDMA becomes close to its lower
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bound (see discussion in Sect. 4.2). When SF=Nc, the BER
performances of DS- and MC-CDMA become the same (see
Eqs. (32) and (49) and also see Eq. (50)). This is clearly seen
in Fig. 4 which compares the average BER performances of
DS- and MC-CDMA both with MMSE equalization for the
case of SF=Nc=256. Again a fairly good agreement be-
tween the theoretical and the simulation results is observed.

The performance comparison between DS- and MC-
CDMA for the different values of SF is shown in Fig. 5 for
the case of U=1. It is seen that as SF decreases, the BER
performances of both DS- and MC-CDMA degrade; how-
ever, DS-CDMA provides much better BER performance
than MC-CDMA when SF � Nc (e.g., SF=1, 4, 16). This
is due to larger frequency diversity effect obtained in DS-
CDMA than in MC-CDMA. In DS-CDMA, since the data
symbol is always spread over all subcarriers, yielding large
frequency diversity effect irrespective of SF. This results in
smaller variations in γ for DS-CDMA than for MC-CDMA.
This can be understood by observing Eq. (50). The rea-
son for degrading performance with decreasing SF in DS-
CDMA is due only to increasing ICI (see Eq. (29)). In
MC-CDMA, as said earlier, no interference is present when
U=1; however, since the data symbol is spread over smaller
number (equal to SF) of subcarriers than in DS-CDMA, the
frequency diversity effect is smaller and furthermore it de-
creases as SF reduces. However, note that performance dif-
ference diminishes as SF approaches Nc. Again observed is
a good agreement between the theoretical and the simulation
results.

It can also be seen from Figs. 4 and 5 that the use of an-
tenna diversity is powerful to improve the BER performance
similarly for both DS- and MC-CDMA.

As shown in Fig. 5, when SF � Nc, DS-CDMA pro-
vides much better BER performance than MC-CDMA irre-
spective of antenna diversity reception. However, it should
be pointed out that this better BER performance of DS-
CDMA is obtained at the cost of wider bandwidth than MC-
CDMA; the DS-CDMA signal bandwidth is (1+α) times
wider than that of MC-CDMA (although the 3 dB bandwidth
is the same), where α is the roll-off factor of the square-root
Nyquist chip shaping filter used at the transmitter.

5. Conclusion

In this paper, theoretical foundation was developed for joint
frequency-domain equalization (FDE) and antenna diver-
sity combining for the reception of DS-CDMA signals in
a frequency-selective fading channel. Equalization weights
for joint FDE and antenna diversity combining based on
maximal ratio combining (MRC), zero-forcing (ZF), and
minimum mean square error (MMSE) were derived. It was
pointed out that FDE using MRC is equivalent to rake com-
bining. Then, the expression for theoretical conditional bit
error rate (BER) for the given set of path gains was derived
by using the Gaussian approximation of inter-chip interfer-
ence (ICI).

The numerical computation results on the theoretical

average BER performance were presented to show that the
MMSE equalization provides the best BER performance
among three equalization schemes. When U=1, the BER
performance is almost identical for MRC and MMSE equal-
izations and the Eb/N0 degradation for achieving BER=10−4

from the lower bound average BER performance curve be-
comes as small as 0.65 dB. As U increases, the BER perfor-
mance degrades since the amount of ICI increases. For large
values of U, BER floors are produced in the MRC equal-
ization due to large ICI resulting from enhanced frequency-
selectivity; however, this is not produced in the MMSE and
ZF equalizations. The use of antenna diversity combining
was found to be powerful to improve the BER performance
for all equalization schemes.

Also presented in this paper was the performance com-
parison between DS- and MC-CDMA. It was shown that
when SF=Nc, DS-CDMA yields the same performance as
MC-CDMA. When SF � Nc, DS-CDMA provides much
better performance than MC-CDMA; however, performance
difference diminishes as SF approaches Nc.

The theoretical results were compared with the com-
puter simulation results. A fairly good agreement between
the theoretical and the simulation results was seen.

In this paper, we considered uncoded DS- and MC-
CDMA with QPSK data modulation. Channel coding can
improve significantly the BER performance for both DS-
and MC-CDMA. Recently, we have shown that when U =
SF = Nc, almost identical BER performance is obtained for
both coded DS- and MC-CDMA [18]. For MC-CDMA, as
SF reduces, the frequency diversity effect becomes smaller,
but larger frequency interleaving effect is obtained. On the
other hand, for DS-CDMA, the same frequency diversity ef-
fect is obtained for all values of SF, but no frequency inter-
leaving effect is obtained. This leads to different coding gain
for DS- and MC-CDMA and the coding gain may depend
on modulation level (e.g., QPSK, 16QAM and 64QAM),
channel frequency-selectivity, etc. Performance analysis of
coded DS- and MC-CDMA with higher level modulation is
an important issue and is left as an interesting future study.
Furthermore, in this paper, ideal channel estimation was as-
sumed. The impact of the channel estimation errors on the
achievable BER performances of the joint FDE and antenna
diversity combining is left as another interesting study.
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Appendix: Derivation ofσ2
ICI

andσ2
noise

for DS-CDMA

Since E[c(t)c∗(τ)] = δ(t − τ), we have

σ2
ICI =

1

SF2N2
c

Ec

Tc

(n+1)SF−1∑
t=nSF

Nc−1∑
k=0

Nc−1∑
k′=0

Ĥ(k)Ĥ∗(k′)

×


Nc−1∑
τ=0
�t

Nc−1∑
τ′=0
�t

E[s(τ)s∗(τ′)] exp

(
j2πk

t − τ
Nc
− j2πk′

t − τ′
Nc

) .
(A· 1)

The DS-CDMA signal using the scramble sequence together
with orthogonal spreading sequences is white-noise like and
hence, E[s(τ)s∗(τ′)] = Uδ(τ − τ′). Therefore, Eq. (A· 1)
becomes

σ2
ICI =

U

SF2N2
c

Ec

Tc

(n+1)SF−1∑
t=nSF

Nc−1∑
k=0

Nc−1∑
k′=0

Ĥ(k)Ĥ∗(k′)

×


Nc−1∑
τ=0
�t
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(
j2π(k − k′)

t − τ
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)
=

U

SF2N2
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Ec

Tc

(n+1)SF−1∑
t=nSF

Nc−1∑
k=0

Nc−1∑
k′=0

Ĥ(k)Ĥ∗(k′)

×


Nc−1∑
τ=0

exp

(
j2π(k − k′)

t − τ
Nc

)
− 1

 . (A· 2)

Since

Nc−1∑
τ=0

exp

(
j2π(k − k′)

t − τ
Nc

)
= Ncδ(k − k′), (A· 3)

we obtain
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=
U
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1
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Next, we obtain σ2
noise. Since E[c(t)c ∗ (τ)] = δ(t − τ), we

have

σ2
noise =

1

SF2N2
c

(n+1)SF−1∑
t=nSF

×
Nc−1∑
k=0

Nc−1∑
k′=0

E[Π̂(k)Π̂∗(k′)]

exp
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j2π(k − k′)

t
Nc

)
. (A· 5)

Since {Πm(k); m = 0 ∼ M − 1 and k = 0 ∼ Nc − 1} are zero-
mean and i.i.d. complex-valued Gaussian variables having a
variance of 2(N0/Tc)Nc, {Π̂(k); k = 0 ∼ Nc − 1} become also
zero-mean and i.i.d. complex-valued Gaussian variables and
thus, we have

σ2
noise =

1
SF

N0

Tc

 1
Nc

Nc−1∑
k=0

M−1∑
m=0

|wm(k)|2
 . (A· 6)
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