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Frequency-Domain Adaptive Antenna Array for Multi-Code

MC-CDMA

Osamu NAKAMURA ", Shinsuke TAKAOKA, Eisuke KUDOH', and Fumiyuki ADACHI', Members

SUMMARY MC-CDMA is an attractive multi-access method for the
next generation high-speed mobile communication systems. The uplink
transmission performance is limited by the multi-access interference (MAI)
from other users since all users share the same bandwidth. Adaptive an-
tenna array can be used to suppress the MAI and to improve the up-
link transmission performance. In this paper, we propose a frequency-
domain adaptive antenna array for multi-code MC-CDMA. The proposed
frequency-domain adaptive antenna array uses a simple normalized LMS
(NLMS) algorithm. Although the NLMS algorithm is used, very fast
weight convergence within one MC-CDMA symbol duration is achieved
since the weight updating is possible as many times as the number of sub-
carriers within one MC-CDMA symbol duration.

key words: MC-CDMA, adaptive antenna array, adaptive algorithm,
frequency-domain

1. Introduction

High speed and high quality data services are strongly de-
manded for the next generation mobile communication sys-
tems. Since the mobile channel is composed of many propa-
gation paths with different time delays, the channel becomes
severely frequency-selective, which degrades the transmis-
sion performance [1]. Recently, orthogonal frequency di-
vision multiple access (OFDMA) and multicarrier code di-
vision multiple access (MC-CDMA) have been attracting
attention as promising candidates for the next generation
systems, because of their robustness against the frequency-
selectivity of the channel [2]-[4].

The uplink (mobile-to-base) transmission performance
is limited by the multi-access interference (MAI). Adaptive
antenna array is an attractive technique for suppressing the
MALI [5]. Adaptive antenna array for OFDMA and MC-
CDMA can be classified into post-FFT type [6], [7] and pre-
FFT type [8]. In this paper, we propose frequency-domain
adaptive antenna array, which falls in the post-FFT type,
for the orthogonal multi-code MC-CDMA uplink transmis-
sion. The proposed frequency-domain adaptive antenna ar-
ray uses the desired signal after array combining as the ref-
erence signal. This idea is also used in Ref.[9]. (However,
the access scheme considered in Ref. [9] is direct sequence
code division multiple access (DS-CDMA)). The proposed
adaptive antenna array in this paper is designed to minimize
the average interference power. This allows us to use the
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same array weight for all subcarriers and hence, the array
weights can be updated, in one OFDM symbol duration, as
many times as the number of subcarriers. Because of this,
a very fast weight convergence can be achieved although a
simple normalized least mean square (NLMS) algorithm is
used. The adaptive antenna array studied in Ref. [8] is pre-
FFT type. The time-domain reference signal generation and
array weight updating at every sampling time are necessary
for achieving fast array weight convergence. On the other
hand, our proposed method uses the frequency-domain ref-
erence signal. In this paper, the optimum array weight is the-
oretically derived based on the Lagrange multipliers method
under the weight constraint. Also derived is the equalization
weight when frequency-domain equalization (FDE) based
on the minimum mean square error (MMSE) criterion is
used after array combining.

The remainder of this paper is organized as follows.
Section 2 describes the multi-code MC-CDMA uplink with
frequency-domain adaptive antenna array. The frequency-
domain array weight updating algorithm is presented in
Sect.3. Section 4 gives the bit error rate (BER) analy-
sis. The simulation and numerical results are presented in
Sect. 5. Finally, Sect. 6 concludes the paper.

2. Multi-Code MC-CDMA with Frequency-Domain
Adaptive Antenna Array

2.1 Transmit Signal

We assume that U users are transmitting their MC-CDMA
signals with N, subcarriers. SF and C denote the spreading
factor and the code multiplexing order, respectively. Fig-
ure 1 illustrates the u-th user multi-code MC-CDMA trans-
mitter structure. The binary data sequence is transformed
into a data-modulated symbol sequence and is serial-to-
parallel (S/P) converted into C streams {d,, .(i); i=0~N,/SF—
1}, c=0~C — 1. Each stream is spread by orthogonal spread-
ing code {c, (k); k=0~SF — 1}, c=0~C — 1. The C spread
sequences are then combined and further multiplied by a

Multi-code spreading

Fig.1  Transmitter structure of the u-th user.
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Fig.2  Frame structure.

scramble sequence {c,s(k); k=0~N, — 1}. The code-
multiplexed chip sequence is divided into a sequence of chip
blocks of N, chips. N, -point IFFT is applied to each N.-chip
block to generate the MC-CDMA signal. The MC-CDMA
signal after the insertion of N,-sample guard interval (GI)
can be expressed using the equivalent lowpass representa-
tion as

Ne-1

t
su(t)=ZSu(k)exp(j27rkﬁ) for t=-Ny~N.—1, (1)
k=0 ¢

where

C-1

$u0= |2 S cuch mod SFCs R (KISFD) )
c=0

is the k-th subcarrier component with P, being the transmit
power per code and |a]denoting the largest integer smaller
than or equal to a.

Figure 2 illustrates the frame structure of the MC-
CDMA signal. Each frame consists of N, OFDM pilot
symbols and N; MC-CDMA data symbols; the OFDM pilot
is allocated the same power (i.e., (C/SF)P,) as the multi-
code MC-CDMA data. The array weight updating is done
by using OFDM pilot; however, ideal channel estimation
is assumed (in practical systems, channel estimation is per-
formed by using pilot).

2.2 Propagation Channel

The MC-CDMA signal is transmitted over a frequency-
selective fading channel with L independent propagation
paths and is received by M antennas. The /-th path gain
and delay time associated with the m-th antenna are denoted
by h, ;. and T, respectively, with E [|hu,,’m|2] = 1/L for all

u and m (E[.] denotes the ensemble average operation). The
received signal on the m-th antenna is given by

U-1L-1

xm(t) = Z Z Su(t - Tu,/)hu,l,m + nm(t)
u=0 =0
fort = —Ny~N, — 1. 3)

Here n,,(¢) is the noise having a variance of 2Ny /T, where
Ny represents the single-sided additive white Gaussian noise
(AWGN) power spectrum density and T is the MC-CDMA
signaling period including GI.
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Fig.3  Receiver structure of the Oth user.

2.3 Received Signal

Without loss of generality, the u=0th user is assumed to be
the desired user. Figure 3 illustrates the receiver structure
for the Oth user. After the removal of the GI, N -point FFT
is performed to decompose the received signal into N, sub-
carrier components. The k-th subcarrier component X, (k) is
given by

N.—1

1 t
Xu(k) = 5 Z X(1) EXp (— j27rkﬁ)
c k:O C

U-1
Z S u(k)H (k) + I,y (k), “)
u=0

where
L-1 Tl
Hu,m(k) = Z hu,l,m exp (_]ZﬂkNL;)
=0 (5)

Ne—1 .
1 ) t
(k) = 3 D, D) exp (—Jzﬂkﬁ)
c =0 c

2.4 Adaptive Array and MMSE-FDE

Antenna array combining is done in the frequency-domain.
The array combiner output Y (k) for the k-th subcarrier is
given by

Y(k) = w],,,, X(k) = S o(kyw,,,, Ho(k)
U-1
+ Z S u(ow},, o, Hu(k) + wl,,, (K), (6)
u=1

where Warray = [warray,O, Warray,1s -+« » warray,M—l]T is the ar-
ray weight vector, X(k) = [Xok), X1(k),...,Xu_1(0]7,
H (k) = [Hy,o(k), Hy (k). .., Hyp-1 (01", (k) = [Mo(k),
I (k), ..., Iy_1(k)])". The array weight vector is the same
for all subcarriers. Updating w4, is presented in Sect. 3.

After the array combining, MMSE-FDE is performed
as

U-1

R(k) = wrpe(k)Y (k) = Z S u(k)H, (k) + T1(k), @)
u=0
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where wrpg(k) is the equalization weight and

Hy(k) = wppp (W, H (k)
T1(k) = wrpe ()W, TL(K)

array

(®)
The mean square error (MSE) between the k-th subcarrier

component R(k) after FDE and the transmitted signal com-
ponent S (k) is written as

Jroe(k) = E[IR(K) = So(k)P]

C “ 2
= 2 |wrpe (P ) Pu W), Hu(k)

SF u=0
2Ny C
9% 2P)—
+ lwrpe(K)| T. +2Poor
C *
~ 4Py —Re |(wrpp (W], o, Ho®)) | (9)
since
T 2 _ 2N0
E[|wa,myn(k>|]_ T (10)
from “wa,my“2 = 1. The MMSE equalization weight

is obtained from dJppg(k)/Owrpe(k) = 0, where dJppg(k)/
Owppg(k) is given as

U-1
Es,u 2
c |weoe®) Y 7 * [0 B0
u=0 %
Ny SF T *

Jrpe®) _ 0, €
owrpek) — SF

(1)

with E;, = P,T; being the symbol energy. The MMSE
equalization weight is derived as

brrayHo))
wFDE(k):U_ <w 0 )

1 _
Es,u T 2 C ES!()
; Eqo [ Hu (B +(S_F o )

12)

After MMSE-FDE, parallel-to-serial (P/S) conversion and
multi-code despreading are performed to obtain

(i+1)SF-1
docD=5z D, RE) feootk mod SF)eoerB) (13)
k=iSF
for i=0~(N./SF) — 1 and ¢=0~C — 1. Finally, the data-
demodulation is performed.

3. Frequency-Domain Array Weight Updating
3.1 MSE

The MMSE adaptive algorithm [10], which minimizes the
MSE between the array output Y (k) and the reference signal
Z(k), is used to determine the array weight vector. In the
case of Z(k) = po(k), the array weight has to not only sup-
press the interference but also perform coherent detection
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and therefore, the algorithm needs to track a time-selective
fading. However, the BER performance degrades in a fast
fading due to the tracking problem. Following the idea
shown in [9], we use the desired signal component in Eq. (6)
as Z(k), which is given by

Z(k) = S o(kow}, 0 Ho(k). (14)

array

Therefore, the error signal e(k) becomes

e(k) = Z(k) - Y(k)

U-1
- Z S w(owl, o Hu(k) = w,,., 1K) (15)
u=1

The MSE E[le(k)|*] is given by
Ele(| = wlh, o, Risntbarray. (16)

where the superscript H denotes the Hermitian transposition
and R;,, is the M-by-M correlation matrix of the interfer-
ence plus noise and is given by

2Ny

U-1
- * T
R, =E ;(quc)Hu(k)) SuOHME) |+=21 A7)

5

with I being an M-by-M identity matrix. wWg.q, is deter-
mined so that the MSE can be minimized. However, the
solution includes wg,,, = 0. To avoid this, we introduce the
constraint

“warray“2 =1. (18)

The phase and amplitude variations of the desired signal
component, due to the fading, remain after the array com-
bining. The fading compensation is a task of MMSE-FDE.

3.2 Optimum Array Weight

Under the constraint memyuz = 1, we use the following
cost function [10]

H H
Jarra_l/ (wurray) = warmyRHnwarray +K ( 1- warraywurr(ly) > ( 19)

where k denotes the complex Lagrange multiplier. Taking
the derivative of J -y (Warray) With respect t0 w4, we have

8Jarray (wurray)

awarray = 2Ri+nwarmy - 2Kwarmy- (20)

By setting Eq. (20) to zero vector, we obtain

(Risn — Kiind) Warray = 0. 21
Since wyrqy # 0, Werrqy is one of the eigen vectors associated
with eigen values k= {ko, k1, . .., kx-1}, Where K is the rank
of the matrix (K < M). Multiplying Eq. (21) by w/,,, gives

H 2
warruyRi+Ilw£lrray =K “warray” =K. (22)

Since our objective is to find wg.q, that minimizes
wfrmyRH,,wa,my, the optimum w4, is the eigen vector cor-
responding to the minimum eigen value «,,;,,. Hence, the

optimum w,,, is the one that satisfies

(Risn — Kiind) Warray = 0. (23)
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3.3 Weight Updating Algorithm

The gradient vector VE [le(k)|2] [10] is given by

O |le(k)?
E[l@(k)|2] = % = i+nWarray
array
= 2Rxxwarray - 2Rsswurray’ (24)

where R,, and Rj, are given by
R, = E[X" (X" (k)
) (25)
Ry, = E [(So(0)Ho(K))" (So(k)Ho (k)" |

Since there is no correlation between S (¢(k) and S ,(k), and
also between S (k) and I1,,,(k), we have

Rxswarray
U-1 *
Z Su(k)H (k) + H(k)] N O(k)errayHo(k)]
u=0
=FE [X*(k)Z(k)] . (26)

Therefore, Eq. (24) can be rewritten as
VE [le(0)F | = 2R cxtarray ~ 2RssWarray
= 2B [X" (00X ()] warray~2E

= E[2X"(k) (Y (k) — Z(k))]
= E[-2e(l)X" (k)] . (27)

[X"()Z(K)]

Based on the steepest decent algorithm [10], we develop
a stochastic adaptation algorithm. Removing the ensemble
average operation from Eq. (27), we obtain the following al-
gorithm similar to the well known NLMS algorithm:

HD — ) X*(n mod N,)

i )+ 2ue(n mod No)———— (28)
array = Worray ™ X2 mod NI
for the n-th updating, where
wiyray = By [ (29)

and u is the step size. Equation (29) is necessary to satisfy

. 2 . .
the constraint “wurmy“ = 1. Since the same array weight
vector is used for all the subcarriers, the weight updating, as
many times as N, is possible within one MC-CDMA sym-
bol duration.

4. Average Bit Error Rate

From Egs. (2) and (7), Eq. (13) can be written as

1 2P (i+1)SF-1
0 ~
do.c =Y Ho(k
0ei) = <5 5 docd) k:ZiS]F o(k)
+ x1c1(0) + X p1a1(0) + Xnoise(D)s (30)

where the first term represents the desired signal component
and the second, third, and fourth terms are the inter-code
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interference (ICI), residual MAI, and noise due to AWGN,
respectively. xicr(i), ¥ mar(i), and ypoise(i) are given by

1 P (i+D)SF-1
N 0 T * *
xicid) = o / Na kzZiS:FHO(k)CO’C(k mod SF)c} ., (k)

C,
X ) do,e(i)co. (k mod SF)c ser(k)

70

Xmar(i)
U-1 (i+1)SF-1 2P
SFZ1 ZSFFZduc(l)Cu¢(k mod SF)
Xcu,scr(k)H (k)COC(k mod SF)CO scr( )
(i+1)SF-1 '
Xnoise(t) = SF kzziS:F H(k)COYC(k mod SF)CO,scr(k)

(€Y

It can be understood from Eq. (30) that c?o ~(i) is a random

variable with a mean ¢ ,/2P 0 dy (i )Z(H,ls)IfF "Ho(k). Ap-

plying the Gaussian approx1mat10n of xicr and yapaz, the
sum of xjcr, Xmar, and Yqoise can be treated as a new zero-
mean complex-valued Gaussian variable y. The variance of
X 1s the sum of those of x;cr, Xmar, and Xnoise:

2 _ 2
20—)( =E [IX| ] 20—)(1(1 + 20—XMA[ +20 T Nnoise? (32)
where, from Appendix,
C 1 (s GRS 2
Tler = Po——- Z |Ho(k)| -— ZHo(k)
SF3 P
iSF k=iSF
v-l o (i+1)SF-1 ,
H,(k
Thar = SF2 Z “SF k:zile |,k
(H—])SF 1
1 No
0.2 o= w k 2
noise SF2 Ts k:zi;[; | FDE( )l

(33)

Assuming quaternary phase shift keying (QPSK) data
modulation, the conditional BER, for the given set of
T = [Eso/No, Es1/No,...,Esu-1/Nol" and H = [Hy(k),
Hy(k),...,Hy_1(k)], is given as [1]

1 /1
P,T,H) = Eerfc[ Zy(l", H)], (34)

where erfc[x] = fx * exp(—1%)dt is the complementary er-
ror function and y(I', H) is the conditional signal-to-
interference plus noise power ratio (SINR) defined as
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y(I', H)
(i+1)SF-1 2
2P, i
— Hy(k)
3
oy
(i+1)SF-1 2
1 Eo i
= Hy(k)
_ SF No k:Zis:F
(i+1)SF-1 (+DSF-1 |2
C-1E; Z| - 2 1 -
e | =< | D Hotk
SF - No ( k=iSF SF| Sk
Ul o | (i+§'——|l~ Iz(nf—l .
+y —— H, (k)| + [wrpe k)|
= SF No S k=iSF
(35)

The theoretical average BER can be numerically evaluated
by averaging Eq. (34) over all possible H.

5. Simulation and Numerical Results

Table 1 summarizes the computer simulation conditions.
Multi-code MC-CDMA with equivalent spreading factor
SF., (= SF/C) = 1 is considered, which provides the same
data rate as OFDM (note that SF=1 gives the OFDM sig-
nal). The OFDM pilot is generated using a binary ran-
dom sequence. Channel coding and frequency-domain in-
terleaving are not considered in this paper. We assume a
frequency-selective block Rayleigh fading channel having a
sample-spaced L=16-path uniform power delay profile (i.e.,

E [|hu,l,m|2] = 1/L for all u and m) and the [-th path delay
time 7,;,, = [ samples. The arrival angles of 16 paths are
assumed to be uniformly distributed over the angle interval

of [¢ — A, ¢ + A], where ¢ is called the nominal arrival angle
and A is called the arrival angle spread. We will show the

Table 1  Simulation and numerical condition.
Modulation QPSK
No. ot. subcar- N.=256
riers
Transmitter Guard interval N=32
Orthogonal Walsh-Hadamard code
code
Scramble code Long PN code
No. of users U=4
Frequency-selective
Fading block Rayleigh fading
Channel channel
Power delay L=16-path uniform
profile power delay profile
Time delay Ty m =1, (=0~L—1
No. of anten- M=4 (Linear array)
nas
Receiver Antenna inter- d=0.51
val
Channe'zl esti- Ideal
mation
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simulation and numerical results for the case of U=4 with
the nominal arrival angles of u=0th, 1st, 2nd and 3rd users
signals being 17°, 236°, 88° and 321°, respectively. The
average received signal powers from all users are the same
(i.e., the average received desired signal power-to-total in-
terference power ratio (SIR) = —4.8 dB). The initial array
weight is set as

© _{ 1+j0, m=0

Warragm = 0 + jO, m#0

(36)

Besides the computer simulation of the signal transmis-
sion, the theoretical average BER is also evaluated numeri-
cally, using Monte-Carlo numerical computation method as
follows. The set of path gains {h, jn; u=0~U -1, [=0~L—-1,
and m=0~M —1}, is generated to obtain {H,,(k); k=0~N,.—1},
Warray and {wppg(k); k=0~N.—1}, by using Egs. (5), (23) and
(12), respectively. The conditional BER for the given aver-
age received E /Ny is computed by using Eq. (34). This is
repeated a sufficient number of times to obtain the average
BER.

Figure 4 shows the array weight vector convergence
rate, measured by the average BER, with the step size y as a
parameter for OFDM case (SF=1). It is seen that the array
weight vector w4, converges within one OFDM symbol
duration for u=1/8 and 1/32, since the proposed adaptive ar-
ray is able to update the array weight vector as many times as
the number of subcarriers. Figure 5 shows the beam pattern
generated after the array weight has converged. It is seen
that the nulls are directed to the interfering users. As the step
size u increases, a faster convergence can be seen, but the
BER after the weight vector has converged becomes higher
(see Fig. 4). In the following simulation, we use pu=1/32.

Figure 6 shows the convergence rate with SF' as a pa-
rameter for the case of equivalent spreading factor SF.,=1.
As SF increases, the BER after the weight has converged
becomes smaller. This is because the frequency diversity
effect increases as SF increases. Also seen from Fig. 6 is
that the adaptation algorithm developed in Sect 3.3 gives an

LE+00 ¢
3 Simulated M=4
Theoretical U=4
SF=1

Ev/No=14dB

LE-01 |
o L
58|
m
(%)
&
5
>
<
LE-Q2 s
1.E-03
0 128 256 384 512

No. of updates

Fig.4 Impact of step size u.
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Fig.5  Generated beam pattern.
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LE01

Average BER
&
(=3
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LE-03 |

E,/IN=14dB
L L

1.E-04

0 128 256 384 512
No. of updates

Fig.6  Convergence rate when SF.,=1.
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M=4, U=4

1E-02 F

Average BER
est
2

[ Maximum SINR
LE-04 | T Theoretical

Proposed
{ Theoretical
I loo s o Simulated

1.E-05 !

5 10 15 20 25
Average received £ /N per antenna [dB]

Fig.7  BER performance when SF,,=1.

array weight close to the theoretically predicted one given
by Eq. (23).

Figure 7 plots the average BER performance obtained
after weight updating 512 times (i.e., after 2 OFDM sym-
bols duration) with SF as a parameter for the case of
SF.4(=C/SF)=1. For comparison, the theoretical BER of
Wiener solution (maximum SINR) case is plotted. It is seen
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Fig.8 Impact of arrival angle spread A.

that as SF increases, the BER performance improves since
a larger frequency diversity effect is obtained. In a high
E}/Ny region, the BER of the proposed array is almost close
to the Wiener solution case. On the other hand, although
the proposed array slightly degrades from the Wiener so-
lution case in a low Ep/Ny region, it provides a BER per-
formance close to the Wiener solution case. We have also
examined the BER performance using antenna diversity re-
ception using maximal ratio combining (the results are not
shown here) and found that a large BER floor of around
BER=0.1 appears since the antenna diversity reception can-
not sufficiently suppress the MAL

Figure 8 plots the average BER performance obtained
after weight updating 512 times with the arrival angle spread
A as a parameter for the case of SF,,=1. The proposed adap-
tive antenna array is designed to minimize the average inter-
ference power and therefore, if L paths arrive from different
directions, different paths look like different users; hence,
the equivalent number U, of users is given by the number of
users times that of paths, i.e., U, = L X U. Therefore, even
if M = U = 4, as A increases, the BER floor appears and the
achievable BER performance degrades due to the increase
of the BER floor. As a consequence, the proposed adaptive
antenna array is effective only when A is very small; this
happens if the base station antenna height is high enough so
that there is no obstacle which blocks the interfering signals.
This is a limitation of the proposed adaptive antenna array
(Note that the proposed adaptive antenna array is based on
the average interference power minimization criterion and
hence, can only suppress the interference power; even when
U, < M, it cannot increase the desired signal power un-
like the adaptive antenna array using a different array weight
vector on a different subcarrier).
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6. Conclusion

In this paper, we proposed a frequency-domain adaptive an-
tenna array for multi-code MC-CDMA uplink transmission.
In the proposed array, the same array weight is used for
all subcarriers and hence the weight update can be done as
many times as the number of subcarriers within one MC-
CDMA symbol duration. Therefore, a very fast weight con-
vergence is achieved although a simple NLMS algorithm is
used. The MMSE-FDE weight taking into account the resid-
ual MALI after array combining was derived and the average
BER performance was theoretically analyzed. The effec-
tiveness of the proposed array was confirmed by both com-
puter simulation and numerical evaluation.

In this paper, we assumed ideal channel estimation.
However, the channel estimation accuracy may degrade in
a multi-user environment, thereby degrading the antenna
beam forming. There are many literatures concerning chan-
nel estimation, e.g., [11]-[13]. The impact of channel esti-
mation errors on the proposed adaptive antenna array is left
as an important future work.
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Appendix: Derivation of 02 _, o
Pp Icr’ = MAI noise

For simplicity, we denote ¢, .(k mod SF)c, scr(k) by ¢, (k).
The ICI, residual MAI, and noise can be rewritten as

1 3 Po (i+1)SF-1
xicii) = < %FHo(k)Coc(k)Zdoc (D). (k)
U-1(i+1)SF-1 -
o [2P,
xmar() = <=
S’Z ;‘ k=ziS:F SF (A1)
D dueleuc Rl ) (k)
_(i+l)SF—l
Xnoise(i) = M(k)cg (k)
Letting
(i+1)SF-1
Ak =g ) A, (A-2)
k=iSF
we have H,(k) = {A,(k) = H,(k)|+ H,(k). Therefore, y,c/(i)

can be rewritten as

1 2P0 (i+1)SF-1C-1
xieii) = <z g Z PREAGERA)

k=iSF -0
do. (P)co. (k) (k) (A-3)
since
(n+1)SF-1
Z Cucr(R)Ch (k) =0, ifc#¢. (A-4)
k=nSF
We have

1
2 2
Ocr = EE [IXICI| ]
(i+1)SF=1 (i+1)SF-1 C—1 C-1
Py

DI INDY

k=iSF k'=iSF /=0 t”-O
2o

(Ao(k) — Hok)) (Hok) - Ho<k'))*
XE [do.o () ()0 (k) (K)o (K N0 (K] (A-5)

Since E [do,c, (i)d; .. ()] = 0if ¢’ # ¢, we have

7
,C’

(i+1)SF-1 C-1

Trer = Z 2 otk - Ho®)

k=iSF *0

P() (i+1)SF-1 (i+1)SF-1 -

Dy >

k=iSF - K=iSF d=0 @0

x (Ho(k) = Ho(k)) (Ho(k") = Ho(K'))'
X E |coe (k)ch (R)ch (Ko (K)],  (A-6)
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Applying the law of large numbers [14], the second term of
Eq. (A 6) is zero. Hence, we obtain

c_1 (i+1)SF-1 (i+1D)SF-1
Tier=Posr Z| Hoo] - ZHo(k)
=iSF k=iSF
(A7)
Next, 0'121/1 47 18 given by
1
Thiar = _E[L\/MAI|2]
U-1U- (i+1)SF-1 (i+1)SF~1 C=1 C=1
_ SF3 D2 Ao &)
u=1 k=iSF k'=iSF  ¢=0 ¢’=0
XE [du,c(i)d;:,,c,(i)cu,c(loc;,y(k')cg,C.(k)co,cf(k/)]
1 o GeDsEel ,
=N'p,— Z |70 (A-8)
3
= SE S
Finally, o, ; , is given by
1
T hoise = 5 [I/Yn()ixe'z]
|1 (i+§f—1 2 £ |
= rea wrpe P E | [0, 0|
2 array
28 (Sh
(i+1)SF-1
1 No 5
= —= . el (A-9)
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