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Hybrid Frequency Reuse Scheme for Cellular MIMO Systems
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SUMMARY As the demand for reliable high speed data transmission
increases, the capacity of downlink cellular multiple-input multiple-output
(MIMO) systems is of much interest. Unfortunately, the capacity analysis
regarding the frequency reuse factor (FRF) is rarely reported. In this pa-
per, theoretical analyses for both ergodic and outage capacities for cellular
MIMO systems are presented. The FRF is considered and a hybrid fre-
quency reuse scheme is proposed. It is shown by the numerical results that
the proposed scheme can greatly alleviate the coverage problem of single-
frequency-reuse cellular systems.
key words: MIMO, downlink capacity, frequency reuse factor

1. Introduction

Multiple-input multiple-output (MIMO) has been accepted
as a promising technology for its potential to achieve low bit
error rate (BER) by space time coding [1] or to achieve large
capacity by multiplexing [2]. MIMO multiplexing has been
widely adopted to realize high speed data communications.
The capacity of MIMO systems in the point-to-point trans-
mission without external interferences has been studied in
[3], [4] to show that large capacity can be achieved in a rich
scattering environment. In a cellular environment, the same
frequency/frequencies can be used in neighboring cells. As
a result, co-channel interference exists and the channel be-
tween the base-station (BS) and the mobile-station (MS) is
changed from noise-limited channel to interference-limited
channel.

Recently, the capacity of MIMO systems in the cellular
environment has attracted much interest. Uplink (transmis-
sion from MS to BS) capacity with variable-rate transmis-
sion is studied in [5]. By modeling the co-channel inter-
ference as additive white Gaussian noise (AWGN), the up-
link capacity is also studied in [6], [7]. On the other hand,
from the users’ stand point, the downlink capacity may be
more interesting. However, the results for the downlink ca-
pacity of cellular MIMO systems presented in the litera-
ture are mainly based on the simulation results. Detailed
simulation results for the downlink MIMO capacity in 3G
FDD WCDMA cellular systems can be found in [8]. By as-
suming single-frequency-reuse (the frequency reuse factor
(FRF) equals to 1), the capacity of downlink cellular MIMO
systems is studied by simulations and the results are pre-
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sented in [9], [10]. These results are given in terms of the
number of antennas, the modulation schemes, the propaga-
tion parameters as well as the cell size. However, FRFs other
than 1 are not considered. By taking various FRFs into con-
sideration, a comparative study on the capacity of cellular
MIMO systems is presented in [11]. A comprehensive com-
parison between the capacity of SISO, SIMO, STBC-MISO
and MIMO systems in a cellular environment is made based
on the simulation results.

In general, fixed FRF has been considered in cellular
systems. It is reported in [12] that a flexible FRF may help
to improve the capacity for cellular single antenna (SISO)
systems. However, to the best of the authors’ knowledge,
flexible design of FRF for cellular MIMO systems is not
available in the literature.

In this paper, the downlink capacity of cellular MIMO
systems is theoretically analyzed in terms of both the er-
godic and outage capacities. The theoretical results of the
best and worst situation capacities suggest that the great-
est capacities may be achieved by using FRF 1 or FRF 3
adaptively according to the situations. Therefore, a hybrid
frequency reuse scheme is proposed to maximize the overall
downlink capacity.

The rest of the paper is organized as follows. Section 2
describes the system model of the point-to-point MIMO sys-
tems. Some useful results for the capacity of point-to-point
MIMO systems are also presented. Section 3 describes the
system model of the cellular MIMO systems. The currently
existing frequency reuse schemes are introduced. And the
ergodic and outage capacities are theoretically analyzed
based on the cellular structures of different frequency reuse
schemes. The hybrid frequency reuse scheme is proposed
in Sect. 4. Numerical results are then presented in Sect. 5.
Finally, the paper is concluded in Sect. 6.

2. Point-to-Point MIMO Systems

2.1 System Model

The received signal in a point-to-point MIMO system with
Nt transmit and Nr receive antennas can be written as

y = Hx + n, (1)

where H is an Nr × Nt channel matrix. The elements of H
are identical and independently distributed (i.i.d.) complex
Gaussian variables with zero mean and unit variance (this
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means that we assume Rayleigh fading). y is the Nr− di-
mensional received signal vector. x is the Nt− dimensional
transmitted signal vector. n is the Nr− dimensional AWGN
vector with variance σ2.

2.2 Capacity Analysis for Point-to-Point MIMO Systems

The capacity C of the MIMO systems from the view point of
information theory is the mutual information between input
signals and output signals, given by [13]

C = I (x; (y,H)) = E {I (x; y|H = H)} , (2)

where E{·} represents the expectation over channel realiza-
tions and H represents the instantaneous channel matrix.

It is assumed that the receiver has perfect channel state
information (CSI) but the transmitter does not. Therefore,
the transmitted power is allocated equally to each transmit
antenna. According to (2), the capacity for a system with Nt

transmit and Nr receive antennas is generally given by [3],
[4]

CMIMO = E

{
log2 det

(
INr +

Pt

Ntσ2
HH∗

)}
, (3)

where Pt = E{‖x‖2} is the average total transmitted power
and superscript ∗ represents conjugate transpose. Let S =
HH∗ if Nr < Nt and S = H∗H otherwise, n = max{Nr,Nt}
and m = min{Nr,Nt}. The capacity in (3) can be rewritten in
respect of the eigenvalues λ1, . . . , λm of the matrix S as [4]

CMIMO = E

⎧⎪⎪⎨⎪⎪⎩
m∑

i=1

log2

(
1 +

Pt

Ntσ2
λi

)⎫⎪⎪⎬⎪⎪⎭ . (4)

When the components of noise vector and transmitted sig-
nal vector are i.i.d. and rank(H) = m, CMIMO in (4) can be
rewritten as [4]

CMIMO = m
∫ ∞

0
log2

(
1 +

Pt

Ntσ2
λ

)
p (λ) dλ. (5)

Since we are assuming Rayleigh fading, the probability den-
sity function (p. d. f) of λ, p(λ), is given by

p (λ) =
1
m

m−1∑
k=0

k!
(k + n − m)!

[
Ln−m

k (λ)
]2
λn−me−λ, (6)

where Ln−m
k (λ) = 1

k! e
λλm−n dk

dλk (e−λλn−m+k). Increasing the
number of receive antennas will increase degree of freedom
and therefore improve the capacity performance. However,
MSs could not employ large number of antennas due to the
size limitation. Therefore, in this study, the number of the
receive antennas is assumed to be equal to the number of
transmit antennas. Under this assumption, the capacity in
(5) becomes

CMIMO =

∫ ∞

0
log2

(
1 +

Pt

Ntσ2
λ

) m−1∑
k=0

[Lk (λ)]2e−λdλ, (7)

where Lk(λ) = 1
k! e
λ dk

dλk (e−λλk).
Note that although the expression in (7) yields the er-

godic capacity, the outage capacity can also be evaluated
similarly. For example, the outage capacity C10% (which
represents an outage of 10%) can be obtained by

C10% = m log2

(
1 +

Pt

Ntσ2
λ10%

)
, (8)

where λ10% satisfies P(λ < λ10%) = 0.1.

3. Cellular MIMO Systems

3.1 System Model

In the cellular systems, there exists co-channel interference
from the neighboring cells due to the frequency reuse. The
received signal vector in (1) should be modified to include
the path loss effect and shadowing loss effect as well as the
co-channel interference as

ycellular = d−α0 10−ξ/10Hx +
B∑

i=1

d−αi 10−ξ/10Hixi + n

= d−α0 10−ξ/10Hx + v. (9)

In (9), d0 represents the distance between the MS and the
desired BS, di(i = 1, . . . , B) represents the distance between
the MS and the ith co-channel BS, α represents the path loss
exponent and B is the number of considered co-channel BSs;
ξ represents the shadowing loss in dB, which follows the
Gaussian distribution with zero mean and standard deriva-
tion σξ. It is reported in [10] that the system capacity will
decrease when σξ increases. However, such decrease will
not exceed 50% (3 dB) whenσξ increases from 0 dB to 8 dB.
To simplify the analysis, in this study, ξ = 0 (no shadowing
loss) is assumed; Hi represents the channel matrix between
the MS and the ith co-channel BS and xi is the transmit-
ted signal vector from the ith co-channel BS; For each BS,
equal transmit power between different antennas is assumed.
v =

∑I
i=1 d−αi Hixi + n represents the interference plus noise

term.
The co-channel interference from each co-channel BS

is Gaussian distributed, therefore, the total co-channel in-
terference can be modeled as Gaussian variable. This as-
sumption is generally used [6], [7]. Under this assumption,
v can be treated as equivalent AWGN with zero mean and
variance [14]

σ2
v = var {v} = var

⎧⎪⎪⎨⎪⎪⎩
B∑

i=1

d−αi Hixi + n

⎫⎪⎪⎬⎪⎪⎭
=

B∑
i=1

d−αi E
{
‖xi‖2

}
+ σ2, (10)

where E{‖xi‖2} is the average total transmitted power of xi.

3.2 Frequency Reuse Schemes

There are two types of frequency reuse schemes where in-
teger FRFs or non-integer FRFs are used. The non-integer
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Fig. 1 Co-channel interference with integer FRFs.

FRF was recently introduced by [12]. In the following, the
frequency reuse schemes with integer FRFs and non-integer
FRFs will be described respectively.

3.2.1 Frequency Reuse Scheme with Integer FRFs

Figure 1 shows the co-channel interference from the neigh-
boring cells to a MS in the central cell. Integer FRFs of 1
and 3 are used for example. Here, the best situation and the
worst situation are defined according to the received signal-
to-noise- ratio (SNR). The best situation happens with the
MS near the center of the cell where the desired BS locates.
The worst situation happens with the MS at the boundary
of the cell, where the distance between the MS and the de-
sired BS is largest [5]. Let K represent the FRF. As shown
in Fig. 1, when K ≥ 3, the co-channel interferers in the sec-
ond and above tiers are far away from the MS and therefore
their interference can be ignored. However, when K = 1, the
interferers in the second tier are no more negligible. There-
fore, when K = 1, co-channel interferers in both the first
and second tiers will be considered.

The signal-to-interference-plus-noise-ratio (SINR) at
the MS is approximated by [11]

Γinte,K

≈

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ptr−α0 ε
−α

Ptr−α0

[
6∑

i=1

(
dK,1,i

r0

)−α
+

12∑
i=1

(
dK,2,i

r0

)−α]
+ σ2

, K=1

Ptr−α0 ε
−α

Ptr−α0
6∑

i=1

(
dK,1,i

r0

)−α
+ σ2

,K ≥ 1

, (11)

Fig. 2 Co-channel interference with non-integer FRFs.

where r0 is the cell radius, ε = d0/r0 is the normalized dis-
tance between the MS and the desired BS; dK,l,i represents
the distance between the MS and the ith co-channel BS in
the lth tier when the FRF equals to K. Note that the SINR
expression in (11) can be used for the MS at arbitrary posi-
tions within a cell.

3.2.2 Frequency Reuse Scheme with Non-integer FRF

In this situation, the frequencies are allocated in a more so-
phisticated way. Here two non-integer FRFs, 7/3 and 7/4
(following the definitions in [12]), are considered. The
corresponding frequency allocation schemes are shown in
Fig. 2 where symbols f1, . . . , f7 represent the frequencies
used in each cell. Take FRF=7/3 as an example. The fre-
quency set { f1, f2, f4} is used by the desired BS in the cen-
ter. The neighboring cells use the frequency sets { f2, f3, f5},
{ f3, f4, f6}, { f4, f5, f7}, { f5, f6, f1}, and { f7, f1, f3}, respec-
tively. As a result, each neighboring BS uses one fre-
quency in common with the desired BS. Therefore, when
non-integer FRF is used, the considered co-channel interfer-
ers are located similarly to the situation when FRF=1. How-
ever, the power of the interference is different. The SINR at
the MS is approximated by

Γnon−inte,K

≈ Ptr−α0 ε
−α

ηK Ptr−α0

[
6∑

i=1

(
dK,1,i

r0

)−α
+

12∑
i=1

(
dK,2,i

r0

)−α]
+ σ2

, (12)

where ηK is determined by the FRF K; η7/3 = 1/3 and η7/4 =

1/2.
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Fig. 3 Capacities of cellular MIMO systems under the best situation.

3.3 Capacity Analysis for Cellular MIMO Systems

Here it is still assumed that the MS has perfect CSI but the
BS does not. The situation when transmitter also has CSI
will be interesting and is remained as our future work. The
capacities in (7) and (8) for point-to-point MIMO systems
should be modified accordingly to calculate their counter-
parts in cellular environment. In addition, the capacities for
an MS in the cellular environment should be normalized by
the total bandwidth. Therefore, the ergodic and outage ca-
pacities are given as

CK ≈ 1
K

∫ ∞

0
log2

(
1+
ΓK

Nt
λ

) Nt−1∑
k=0

[Lk(λ)]2e−λdλ, (13)

Cout%,K ≈ 1
K

m log2

(
1 +
ΓK

Nt
λout%

)
. (14)

where ΓK = Γinte,K when K is integer and ΓK = Γnon−inte,K

otherwise; Cout%,K represents the outage capacity with an
outage of out% when FRF = K and λout% satisfies P(λ <
λout%).

Calculating from (13) and (14), the best situation and

Fig. 4 Capacities of cellular MIMO systems under the worst situation.

the worst situation capacities are shown in Fig. 3 and Fig. 4
respectively. The parameters used to generate the results
are as follows. The number of antennas (Nr = Nt) is set
to be 4; the received SNR at the boundary (Ptr−α0 /σ

2) is
set as {0 dB, 10 dB, 20 dB, 30 dB}; the path loss exponent α
is set as {2.5, 3.5}; the path loss from the cell center to the
cell boundary is set as −15 dB; Finally, the FRFs are set as
{1, 7/4, 7/3, 3, 4, 7}.

When considering the best situation, it can be observed
from Fig. 3 that:

1) The greatest ergodic capacity is achieved by the
single-frequency-reuse systems. This observation also co-
incides with the conclusions in [15].

2) The greatest outage capacity (C10%) is achieved by
systems using FRF = 7/4 or integer FRF = 3.

When considering the worst situation, it can be ob-
served from Fig. 4 that:

1) The greatest ergodic capacity is achieved by systems
using FRF = 3.

2) For low and moderate values of Ptr−α0 (0 dB or
10 dB), the greatest outage capacity (C10%) is achieved by
systems using FRF = 3.

3) For higher Ptr−α0 (20 dB or 30 dB), even greater out-
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age capacities can be obtained by using FRFs> 3. However,
the increase is insignificant.

Therefore, considering the ergodic/outage capacities
under best/worst situations as a whole, the optimal capac-
ity performance may be achieved by using FRF = 1, 7/4 or
3.

4. Hybrid Frequency Reuse Scheme for Cellular
MIMO Systems

The widely accepted approach to design the FRF is to use a
fixed FRF within the entire cell. However, from the results
in Fig. 3 and Fig. 4, it is obvious that a fixed FRF cannot
guarantee the greatest capacities in different circumstances.
For example, K = 1 is the optimal FRF when the MS is at
the center of the cell, but it cannot support high capacity for
the MSs at the cell boundary; On the other hand, K = 3 is a
good choice when the MS is at the cell boundary. However,
it cannot support high capacity for the MSs near the center
of the cell.

Enlightened by hybrid frequency reuse scheme for cel-
lular SISO systems in [12], we propose a hybrid frequency
reuse scheme for the cellular MIMO systems. In this hy-
brid frequency reuse scheme, both FRF 1 and FRF 3 will
be used and adaptively allocated. One possible solution to
realize the hybrid frequency reuse scheme is shown in Fig. 5
where all the BSs use a frequency set of three frequencies
{ f1, f2, f3}. For each MS, FRF 1 or FRF 3 will be used ac-
cording to its position within the cell. When the MS is near
the cell center, { f1, f2, f3} will all be used (FRF = 1). Oth-
erwise, when the MS is near the cell boundary, only one
frequency, f1 or f2 or f3, will be used (FRF = 3).

For a given MS, we have determined the FRF by the
following steps:

Step 1: As the pre-knowledge, the cell radius r0, the

Fig. 5 Hybrid frequency reuse scheme. When the MS is near the center,
three frequencies { f1, f2, f3} will be used (FRF = 1); When the MS is near
the boundary, only one frequency will be used (FRF = 3).

path loss exponent α, the transmitted power Pt and the vari-
ance of the noise σ2 should be estimated.

Step 2: For a given MS, estimate its distances to the
desired MS d0 and the co-channel MSs di, i = 1, . . . , B.

Step 3: Calculate the SINR by (11) and then evaluate
the system capacities by substituting the SINR into (13)/(14)
to get the ergodic/outage capacities. The capacities for K =
1 and K = 3 will be calculated respectively to get C1/Cout,1

and C3/Cout,3.
Step 4: Select FRF so that K = maxK{CK} for maxi-

mum ergodic capacity or K = maxK{Cout,K} for maximum
outage capacity.

Following these steps, the FRF allocation within a cell
is shown in Fig. 6 as an example where polar coordinate is
used. In the figure, the hexagonal areas represent one cell,
the circle areas within each cell are the areas where FRF 1
will be used. Otherwise, FRF 3 will be used. It is observed
from Fig. 6 that:

1) The FRF 1 areas shrink slightly as the path loss ex-
ponent increases.

2) The FRF 1 areas shrink as the received SNR at

Fig. 6 FRF allocation within a cell.
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the cell boundary (Ptr−α0 /σ
2) increases. It is indicated that

the co-channel interference problem cannot be alleviated
by increasing the transmit power if single-frequency-reuse
scheme is employed. Therefore, for the areas near the cell
boundary, the proposed hybrid frequency reuse scheme will
be a good solution to reduce the co-channel interference.
Note that when the received SNR at the cell boundary is be-
low 0 dB, the whole cell will be covered by FRF 1 area and
the hybrid FRF scheme changes to FRF 1 scheme. There-
fore, the hybrid scheme can only benefits when there is a
gain space.

Table 1 Parameters.

Number of antennas
(Nt = Nr) 2–8

Received SNR at the
cell boundary Ptr−α0 /σ

2 10 dB, 30 dB
Path loss exponent α 3.5

Path loss from the cell center
to the cell boundary −15 dB

Frequency allocation schemes FRF 1, FRF 3, proposed scheme

Fig. 7 Average 10% outage capacities of the cellular MIMO systems
using FRF 1 scheme and the hybrid frequency reuse scheme.

5. Numerical Results

It is assumed that the MS is uniformly located within a cell.
The average capacities can then be calculated by averaging
(13) and (14) over the entire cell. The parameters used to
generate the numerical results are listed in Table 1.

The capacities of cellular MIMO systems using the
proposed hybrid frequency reuse scheme (hybrid FRF) are
compared with those using FRF 1 and FRF 3 schemes in
Fig. 7 and Fig. 8. It can be observed that the proposed hy-
brid frequency reuse scheme can increase both the average
ergodic and outage capacities. When compared with the
FRF 1 scheme, the increase is mainly on the average outage
capacities as shown in Fig. 7. The increase can be as sig-
nificant as about 50% when Ptr−α0 /σ

2 = 30 dB for the MS
equipped with 8 antennas. Even for the noisy environment
when Ptr−α0 /σ

2 = 10 dB, such increase is more than 10% for
the MS equipped with 2 antennas. On the other hand, when
compared with the FRF 3 scheme, the increase is mainly on
the average ergodic capacities as shown in Fig. 8. The in-
crease is over 60% when Ptr−α0 /σ

2 = 10 dB and over 47%

Fig. 8 Average ergodic capacities of the cellular MIMO systems using
FRF 3 scheme and the hybrid frequency reuse scheme.
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Table 2 Increase of capacities by the proposed scheme.

Number of antennas

2 3 4 5 6 7 8

Over FRF 1 Outage Ptr−α0 /σ
2 = 10 dB 10.5% 12.8% 14.3% 15.3% 16.7% 17.5% 17.8%

Ptr−α0 /σ
2 = 30 dB 21.7% 29.8% 37.8% 43.7% 47.4% 49.5% 49.9%

Ergodic Ptr−α0 /σ
2 = 10 dB 1.6% 1.6% 1.6% 1.6% 1.6% 1.6% 1.6%

Ptr−α0 /σ
2 = 30 dB 3% 3% 3% 3% 3% 3% 3%

Over FRF 3 Outage Ptr−α0 /σ
2 = 10 dB 13.6% 7.6% 3.8% 1.4% 0.5% 0.1% —*

Ptr−α0 /σ
2 = 30 dB 2.9% — — — — — —

Ergodic Ptr−α0 /σ
2 = 10 dB 62.9% 63.1% 63.4% 63.5% 63.6% 63.7% 63.7%

Ptr−α0 /σ
2 = 30 dB 47.3% 47.6% 47.8% 47.9% 48% 48.1% 48.1%

— represents no increase.

Fig. 9 Average ergodic capacities of the cellular MIMO systems using
FRF 7/4 scheme and the hybrid frequency reuse scheme.

when Ptr−α0 /σ
2 = 30 dB. To make fair comparison, we also

compared the hybrid FRF scheme with the fraction FRF 7/4
scheme which is reported to be able to achieve the best ca-
pacity. The result is shown in Fig. 9. It is shown that the
hybrid FRF scheme is superior to the FRF 7/4 scheme.

To make it clearer, the increase of average capacities
gained by the hybrid frequency reuse scheme over the FRF
1 scheme and FRF 3 scheme is summarized in Table 2 in
percentage.

Remarks: As we know, the coverage problem (the
transmission between the BS and MS fails at the cell bound-
ary due to the co-channel interference) has been the major
problem for the commonly used single-frequency-reuse cel-
lular systems. From the numerical results, it is seen that such
problem can be greatly alleviated by using the proposed hy-
brid frequency reuse scheme.

6. Conclusions

In this paper, the downlink capacity of cellular MIMO sys-
tems has been theoretically analyzed in terms of both er-
godic and outage capacities. The FRF has been consid-
ered and a hybrid frequency reuse scheme has been pro-
posed. Numerical results have shown that both the ergodic

and outage capacities can be increased by the proposed
scheme. When compared with the commonly used FRF 1
scheme, the outage capacity can be increased as much as
50%. Therefore, the proposed scheme can greatly alleviate
the coverage problem of the single-frequency-reuse cellular
systems.
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