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PAPER

Joint MMSE-FDE & Spectrum Combining for a Broadband
Single-Carrier Transmission in the Presence of Timing Offset

Tatsunori OBARA†a), Kazuki TAKEDA†, Student Members, and Fumiyuki ADACHI†, Fellow

SUMMARY Frequency-domain equalization (FDE) based on mini-
mum mean square error (MMSE) is considered as a promising equaliza-
tion technique for a broadband single-carrier (SC) transmission. When a
square-root Nyquist filter is used at a transmitter and receiver to limit the
signal bandwidth, the presence of timing offset produces the inter-symbol
interference (ISI) and degrades the bit error rate (BER) performance using
MMSE-FDE. In this paper, we discuss the mechanism of the BER perfor-
mance degradation in the presence of timing offset. Then, we propose joint
MMSE-FDE & spectrum combining which can make use the excess band-
width introduced by transmit filter to achieve larger frequency diversity
gain while suppressing the negative effect of the timing offset.
key words: frequency-domain equalization, single-carrier transmission,
Nyquist filter, timing offset, oversampling

1. Introduction

The broadband wireless channel is composed of many prop-
agation paths with different time delays and the frequency-
selective fading channel is produced [1]–[3]. Therefore, the
bit error rate (BER) performance of the broadband single-
carrier (SC) transmission degrades due to the strong inter-
symbol interference (ISI). The use of the frequency-domain
equalization (FDE) based on the minimum mean square er-
ror (MMSE) criterion can provide good BER performance
[4]–[7]. However, this is only true in the case of no timing
offset.

When a square-root Nyquist filter is used at a transmit-
ter and a receiver to limit the signal bandwidth, the pres-
ence of timing offset between a transmitter and a receiver
produces the ISI and degrades the BER performance. Re-
cently, the impact of timing offset on the SC transmission
using MMSE-FDE was discussed [8]–[10]. In [8] and [9],
it was showed that when the timing offset exists, the BER
performance degrades as the roll-off factor of Nyquist filter
increases.

In this paper, we first discuss the mechanism that
causes the BER performance degradation in the presence
of timing offset. We show that when the timing offset is
present, the spectrum distortion is produced since adjacent
frequency-shifted spectra are given different phase rotations
and overlapped if the roll-off factor of Nyquist filter is larger
than 0. To solve this problem, we propose joint MMSE-FDE
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& spectrum combining. In the proposed MMSE-FDE, first,
the received signal is oversampled at 2 times higher rate than
the symbol rate. Then, joint MMSE-FDE & spectrum com-
bining is applied to simultaneously compensate for both the
phase rotation due to the timing offset and the spectrum dis-
tortion due to the channel frequency-selectivity. As the roll-
off factor increases, larger frequency diversity gain can be
achieved and the BER performance can be improved.

The remainder of this paper is organized as follows. In
Sect. 2, we discuss the impact of the timing offset on the SC
transmission using the conventional MMSE-FDE. In Sect. 3,
joint MMSE-FDE & spectrum combining is proposed. In
Sect. 4, we evaluate the BER performance of the SC trans-
mission using the conventional MMSE-FDE in the presence
of timing offset and the effect of the proposed MMSE-FDE
by computer simulation. Section 5 concludes this paper.

2. Conventional MMSE-FDE in the Presence of Timing
Offset

2.1 System Model

The system model of the SC transmission using the con-
ventional MMSE-FDE is illustrated in Fig. 1. At the trans-
mitter, the binary information sequence is data-modulated,
and then the symbol sequence is divided into a sequence
of Nc-symbol blocks, where Nc is the size of fast Fourier
transform (FFT). Ng-symbol cyclic prefix (CP) is inserted
into the guard interval (GI) of each symbol-block. The GI-
inserted symbol block is transmitted after passing through

Fig. 1 System model of SC transmission using the conventional MMSE-
FDE.
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the square-root Nyquist transmit filter to limit the signal
bandwidth.

The transmitted symbol block is received via a
frequency-selective fading channel. The received sequence
passes through the square-root Nyquist receive filter and is
sampled at the symbol rate 1/Ts. After the GI removal, the
received symbol block is transformed into the frequency-
domain signal by Nc-point FFT. Then, one-tap MMSE-FDE
is carried out on the frequency-domain received signal. The
frequency-domain signal after MMSE-FDE is transformed
by Nc-point inverse FFT (IFFT) into the time-domain sig-
nal.

2.2 Signal Representation

The transmitted signal s(n) can be expressed as

s(n) =
∞∑

m=−∞
sm(n − m(Nc + Ng)), (1)

where sm(n) is the mth GI-inserted symbol block expressed
as

sm(n) =

⎧⎪⎪⎨⎪⎪⎩
dm(n mod Nc), −Ng ≤ n < Nc − 1

0, elsewhere
, (2)

where {dm(n); n = 0 ∼ Nc − 1} is the data-modulated symbol
sequence. The symbol sequence after passing through the
transmit filter is expressed as

sT (t) =

√
2Es

Ts

∞∑
n=−∞

s(n)ϕ(t − n), (3)

where Es and Ts are the symbol energy and the symbol du-
ration, respectively, and ϕT (t) is the impulse response of the
transmit filter.

The transmitted signal is received via a frequency-
selective fading channel. The received signal rX(t) can be
expressed as

rX(t) =
∫ ∞

−∞
sT (τ)hc(t − τ)dτ, (4)

where hc(t) is the channel impulse response given by

hc(t) =
L−1∑
l=0

hlδ(t − τl), (5)

where hl and τl are the complex-valued path gain and the
delay time of the lth path (l = 0 ∼ L − 1), respectively. The
received signal after passing through the receive filter can be
expressed as

rR(t) =

√
2Es

Ts

∞∑
n=−∞

s(n)h(t − n) + ηR(t), (6)

where h(t) is the impulse response of the composite channel
(transmit filter + channel + receive filter), and ηR(t) is the

filter output of the additive white Gaussian noise (AWGN).
h(t) is given as

h(t) =
L−1∑
l=0

hlϕ(t − τl), (7)

where ϕ(t) denotes the the impulse response of the overall
(transmit and receive) filter. In this paper, we assume that
the raised cosine filter is used as the overall filter. ϕ(t) is
expressed as [2], [3]

ϕ(t) =
sin πt
πt

cosαπt
1 − (2αt)2

. (8)

where α is the roll-off factor.
rR(t) is sampled at the symbol rate 1/Ts. Without loss

of generality, we consider the reception of the m = 0th
transmitted symbol block. The sampled symbol sequence
{r(i); i = 0 ∼ Nc − 1} after GI removal can be expressed as

r(i) = rR(i + Δ)

=

√
2Es

Ts

∞∑
l′=−∞

h(l′ + Δ)s0((i − l′) mod Nc)

+ ν(i) + η(i), (9)

where Δ denotes the timing offset normalized by Ts and
ν(i) and η(i) are the inter-block interference (IBI) and the
noise with zero mean and variance 2N0/Ts with N0 being
the single-sided power spectrum density, respectively. ν(i)
is given by [11]

ν(i) =

√
2Es

Ts

−1∑
l′=−∞

h(l′ + Δ)

× {s(i − l′) − s0((i − l′) mod Nc)}
× u(i − Nc − l′)

+

√
2Es

Ts

∞∑
l′=0

h(l′ + Δ)

× {s(i − l′) − s0((i − l′) mod Nc)}
× {u(i) − u(i + Ng − l′)}, (10)

where u(i) = 1(0) for i ≥ 0 (i < 0).
An Nc-point FFT is applied to {r(i); i = 0 ∼ Nc − 1}

to transform it into the frequency-domain signal {R(k); k =
−Nc/2 ∼ Nc/2 − 1}. R(k) is given by

R(k) =
1√
Nc

Nc−1∑
i=0

r(i) exp

(
− j2πk

i
Nc

)

=

√
2Es

Ts
H(k,Δ)S (k) + N(k) + Π(k), (11)

where H(k,Δ), S (k), N(k) and Π(k) are the overall (trans-
mit/receive filter + channel) transfer function, the signal, the
IBI and the noise component at kth frequency, respectively,
as
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

S (k) =
1√
Nc

Nc−1∑
i=0

s0(i) exp

(
− j2πk

i
Nc

)

H(k,Δ) =
∞∑

l′=−∞
h(l′ + Δ) exp

(
− j2πk

l′

Nc

)

N(k) =
1√
Nc

Nc−1∑
i=0

ν(i) exp

(
− j2πk

i
Nc

)

Π(k) =
1√
Nc

Nc−1∑
i=0

η(i) exp

(
− j2πk

i
Nc

)

, (12)

One-tap MMSE-FDE is carried out on R(k) as

R̂(k) = R(k)W(k)

=

√
2Es

Ts
Ĥ(k,Δ)S (k) + N̂(k) + Π̂(k), (13)

where Ĥ(k,Δ), N̂(k) and Π̂(k) are the equivalent channel
gain, the IBI and the noise after MMSE-FDE, respectively,
as

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Ĥ(k,Δ) = W(k)H(k,Δ)

N̂(k) = W(k)N(k)

Π̂(k) = W(k)Π(k)

, (14)

W(k) is the MMSE-FDE weight expressed as [7]

W(k) =
H∗(k,Δ)

|H(k,Δ)|2 + Λ−1(Δ)
, (15)

where Λ(Δ) denotes the signal-to-interference plus noise
power ratio (SINR) and is given by

Λ(Δ) =
1⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(
Es

N0

)−1

+
2

Nc

−1∑
l′=−∞

∣∣∣h(l′ + Δ)
∣∣∣2 ∣∣∣l′∣∣∣

+
2

Nc

∞∑
l′=Ng

∣∣∣h(l′ + Δ)
∣∣∣2 (l′ − Ng)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (16)

H(k,Δ) can be estimated by using pilot-assisted channel
estimation [12]–[14]. In this paper, ideal channel estima-
tion is assumed. The equalized frequency-domain signal
R̂(k); k = −Nc/2 ∼ Nc/2 − 1 is transformed by an Nc-point
IFFT into the time-domain signal r̂(i); i = 0 ∼ Nc − 1.

2.3 Spectrum Distortion due to Timing Offset

H(k,Δ) can be rewritten as (see Appendix A)

H(k,Δ) =
∞∑

l′=−∞
Hc(k − l′Nc)Φ(k − l′Nc)

× exp

{
j2π(k − l′Nc)

Δ

Nc

}
, (17)

where Hc(k) and Φ(k) are respectively the channel gain at
kth frequency and the transfer function of the overall (trans-
mit + receive) filter. Hc(k) and Φ(k) are respectively given

as

Hc(k) =
L−1∑
l=0

hl exp

(
− j2πk

τl

Nc

)
, (18)

Φ(k) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

1, 0 ≤
∣∣∣∣∣ k
Nc

∣∣∣∣∣ ≤ 1 − α
2

cos2 π

2α

(∣∣∣∣∣ k
Nc

∣∣∣∣∣ − 1 − α
2

)
,

1 − α
2
≤

∣∣∣∣∣ k
Nc

∣∣∣∣∣ ≤ 1 + α
2

0, elsewhere

.

(19)

To discuss the impact of timing offset, we consider the flat
fading channel case (Hc(k) = 1 for all k). In this case,
H(k,Δ) can be rewritten as

H(k,Δ) =
∞∑

l′=−∞
Φ(k − l′Nc) exp

{
j2π(k − l′Nc)

Δ

Nc

}

≡ Φ̃(k,Δ), (20)

If Δ = 0 (no timing offset case), Φ̃(k,Δ) becomes unity for
all k. The received signal spectrum after the symbol rate
sampling is the sum of the copies of the original spectrum,
each copy being frequency-shifted by an integer multiple of
the sampling rate. The adjacent frequency-shifted spectra
overlap when α > 0 as shown in Fig. 2. If the timing offset
is not present, the signal spectrum whose amplitude is unity
is recovered over the frequency range of −Nc/2 ≤ k < Nc/2.
On the other hand, if the timing offset is present, each
frequency-shifted spectrum is phase-rotated (see Eq. (20))
and therefore, the spectrum over the overlapped interval is
distorted since the adjacent frequency-shifted spectra are
given different phase rotation. In Fig. 3, the value of Φ̃(k,Δ)
in the case of α = 0.5 is plotted as the function of frequency
index k. If Δ = 0 (no timing offset case), Φ̃(k,Δ) = 1+ j0 ir-
respective of k. However, when the timing offset is present,
Φ̃(k,Δ) � 1 + j0 since each frequency-shifted spectrum is
phase-rotated due to the timing offset.

Figure 4 plots the value of
∣∣∣Φ̃(k,Δ)

∣∣∣ with α as a param-
eter when Δ = 0.5. When α = 0,

∣∣∣Φ̃(k,Δ)
∣∣∣ = 1 at all k

since the frequency-shifted spectra which is phase-rotated
due to the timing offset do not overlap. Therefore, even if
the timing offset exists, the BER performance does not de-
grade when α = 0. On the other hand, when α > 0,

∣∣∣Φ̃(k,Δ)
∣∣∣

drops in the overlapped interval due to the phase rotation.
As α increases, the overlapped interval becomes wider and

Fig. 2 Signal spectrum after symbol-rate sampling.
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Fig. 3 Observation of Φ̃(k,Δ) for α = 0.5.

the spectrum distortion becomes larger.
Figure 5 plots the one-shot observation of the original

channel gain Hc(k) and the equivalent channel gain Ĥ(k,Δ)
after the MMSE-FDE when δ = 0.5 with α as a parame-
ter. It is seen from Fig. 5 that, as α increases, the spectrum
distortion becomes stronger due to the overlapping of ad-
jacent frequency-shifted spectra which are given different
phase rotations due to the timing offset, thereby degrading
the BER performance.

3. Joint MMSE-FDE & Spectrum Combining

When the timing offset is present, the spectrum distortion is
produced since adjacent frequency-shifted spectra are given
different phase rotations and overlapped if α > 0. To solve

Fig. 4 Amplitude of Φ̃(k,Δ).

Fig. 5 One-shot observation of equivalent channel gain.

Fig. 6 Receiver structure using joint MMSE-FDE & spectrum
combining.

this problem, we propose joint MMSE-FDE & spectrum
combining. In Fig. 6, the receiver structure of the SC trans-
mission using joint MMSE-FDE & spectrum combining is
illustrated. First, the received signal is oversampled at a rate
faster than the symbol rate to avoid the spectrum overlap-
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Fig. 7 Signal spectrum after double oversampling.

Fig. 8 Spectrum combining.

ping. When the square-root raised cosine filter is used as
the transmit and receive filters, the spectrum overlapping
can be avoid by using double oversampling (the received
signal sampled at the rate 2/Ts) as shown in Fig. 7. Then,
the simultaneous compensation of both the phase rotation
due to the timing offset and the spectrum distortion due to
the channel frequency-selectivity and the spectrum combin-
ing (or the frequency-domain down sampling) based on the
MMSE criterion are performed (this is called joint MMSE-
FDE & spectrum combining) as shown in Fig. 8 to recover
the ISI-free condition over the desired frequency range of
−Nc/2 ≤ k < Nc/2. The frequency-domain signal after joint
MMSE-FDE & spectrum combining is transformed by an
Nc-point IFFT into the time-domain signal.

3.1 Signal Representation

The output of the receive filter is sampled at the rate 2/Ts.
The oversampled signal r(i); i = 0 ∼ 2Nc − 1 after the re-
moval of a 2Ng-sample GI can be expressed as

r(i) = rR

( i
2
+ Δ

)

=

√
2Es

Ts

∞∑
n=−∞

s0(n mod Nc)h
( i
2
+ Δ − n

)

+ ν(i) + ηR

( i
2
+ Δ

)

=

√
2Es

Ts

∞∑
l′=−∞

h

(
l′

2
+ Δ

)
s̃0((i − l′) mod 2Nc)

+ ν(i) + η(i), (21)

where

s̃m(i) =

⎧⎪⎪⎨⎪⎪⎩
sm(n), i = 2n

0, else
. (22)

In Eq. (21), η(i) = ηR(i/2+Δ) is the oversampled noise com-
ponent. ν(i) is the IBI component given by

ν(i) =

√
2Es

Ts

−1∑
l′=−∞

h

(
l′

2
+ Δ

)

× {s(i − l′) − s0((i − l′) mod 2Nc)}
× u(i − 2Nc − l′)

+

√
2Es

Ts

∞∑
l′=0

h

(
l′

2
+ Δ

)

× {s(i − l′) − s0((i − l′) mod 2Nc)}
× {u(i) − u(i + 2Ng − l′)}, (23)

where

s̃(i) =
∞∑

m=−∞
s̃m(i − m(2Ng + 2Nc)), (24)

A 2Nc-point FFT is applied to transform the oversam-
pled signal block {r(i); i = 0 ∼ 2Nc − 1} into the frequency-
domain signal {R(k); k = −Nc ∼ Nc − 1}. The kth frequency
component R(k) can be expressed as

R(k) =
1√
2Nc

2Nc−1∑
i=0

r(i) exp

(
− j2πk

i
2Nc

)

=

√
2Es

Ts
H(k,Δ)S (k) + N(k) + Π(k), (25)

where H(k,Δ), S (k), N(k) andΠ(k) are the composite (trans-
mit/receive + channel) transfer function, the signal compo-
nent, the IBI component, and the noise component, respec-
tively. S (k) and H(k,Δ) are given by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

S (k) =
1√
2Nc

2Nc−1∑
i=0

s̃0(i) exp

(
− j2πk

i
2Nc

)

=
1√
2Nc

Nc−1∑
i=0

s0(i) exp

(
− j2πk

i
Nc

)

H(k,Δ) =
∞∑

l′=−∞
h

(
l′

2
+ Δ

)
exp

(
− j2πk

l′

2Nc

)
(26)

where H(k,Δ) can be rewritten as

H(k,Δ) =
∞∑

l′=−∞
Hc(k − 2l′Nc)Φ(k − 2l′Nc)

× exp

{
j2π(k − 2l′Nc)

Δ

Nc

}
. (27)

From Eq. (27), it can be understood that the copies of the
original spectrum are frequency-shifted by integer multiple
of 2/Ts and do not overlap even if α > 0. Therefore, the
spectrum is not distorted at all due to the timing offset.

3.2 Joint FDE & Spectrum Combining

The frequency-domain signal {R̂(k); k = −Nc/2 ∼ Nc/2 − 1}
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after joint MMSE-FDE & spectrum combining is given by

R̂(k) =
1∑

q=−1

R(k − qNc)W(k − qNc)

=

√
2Es

Ts
Ĥ(k,Δ)S (k) + N̂(k) + Π̂(k) (28)

where⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ĥ(k,Δ) =
1∑

q=−1

H(k − qNc,Δ)W(k − qNc)

N̂(k) =
1∑

q=−1

N(k − qNc)W(k − qNc)

Π̂(k) =
1∑

q=−1

Π(k − qNc)W(k − qNc)

. (29)

In Eq. (28), W(k) is the MMSE weight which simultane-
ously compensates the phase rotation due to the timing off-
set and the spectrum distortion due to the channel frequency-
selectivity.

The frequency-domain signal {R̂(k); k = −Nc/2 ∼
Nc/2 − 1} after joint MMSE-FDE & spectrum combining is
transformed by an Nc-point IFFT into the time-domain sig-
nal {r̂(i); i = 0 ∼ Nc − 1} for succeeding data demodulation
as

r̂(i) =
1√
Nc

Nc/2−1∑
k=−Nc/2

R̂(k) exp

(
j2πi

k
Nc

)
. (30)

In the following, we derive the MMSE weight W(k).
We define the equalization error e(k) after FDE and

spectrum combining over −Nc/2 ≤ k < Nc/2 as

e(k) = R̂(k) −
√

2Es

Ts
S (k)

=

1∑
q=−1

R(k − qNc)W(k − qNc) −
√

2Es

Ts
S (k). (31)

The MMSE weight W(k) which minimizes the MSE
E

[
|e(k)|2

]
of e(k) can be derived as (see Appendix B) [15]

W(k) =
H∗(k,Δ)

1∑
q=−1

Λ−1(k,Δ)
Λ−1(k − qNc,Δ)

|H(k − qNc,Δ)|2 + Λ−1(k,Δ)

(32)

where Λ(k,Δ) denotes the SINR at the kth frequency given
by

Λ(k,Δ) =
1⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(
Es

N0

)−1

Φ(k)

+
2
Nc

−1∑
l′=−∞

∣∣∣∣∣∣h
(
l′

2
+ Δ

)∣∣∣∣∣∣
2

|l′|

+
2
Nc

∞∑
l′=2Ng

∣∣∣∣∣∣h
(
l′

2
+ Δ

)∣∣∣∣∣∣
2

(l′ − 2Ng)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (33)

Since the IBI power is much smaller than the signal power,
Λ(k,Δ) can be approximated as Λ(k,Δ) ≈ (Es/N0)Φ−1(k).
Therefore, the MMSE weight of Eq. (32) can be approxi-
mated as

W(k) ≈ H∗c (k) exp( j2πkΔ/Nc)
1∑

q=−1

|Hc(k − qNc)|2 +
(

Es

N0

)−1
(34)

The kth frequency component after joint MMSE-FDE &
spectrum combining is the weighted sum of R(k) and R(k −
Nc) for k = 0 ∼ Nc/2 − 1, and is the weighted sum of R(k)
and R(k + Nc) for k = −Nc/2 ∼ −1. For the no timing offset
case (Δ = 0), W(k), W(k − Nc), and W(k + Nc) can be given
as ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

W(k) ≈

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

H∗c (k)

|Hc(k)|2 + |Hc(k − Nc)|2 +
(

Es

N0

)−1

for k = 0 ∼ Nc

2
− 1

H∗c (k)

|Hc(k)|2 + |Hc(k + Nc)|2 +
(

Es

N0

)−1

for k = −Nc

2
∼ −1

W(k − Nc) ≈ H∗c (k − Nc)

|Hc(k)|2 + |Hc(k − Nc)|2 +
(

Es

N0

)−1

for k = 0 ∼ Nc

2
− 1

W(k + Nc) ≈ H∗c (k + Nc)

|Hc(k)|2 + |Hc(k + Nc)|2 +
(

Es

N0

)−1

for k = −Nc

2
∼ −1

.

(35)

which are the same MMSE weights of joint MMSE-FDE
& antenna diversity combining (see Eq. (27) of [7]). When
|Hc(k)|2, |Hc(k − Nc)|2, |Hc(k + Nc)|2 � (Es/N0)−1, Eq. (35)
can be further approximated as⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

W(k) ∝ H∗c (k)

W(k − Nc) ∝ H∗c (k − Nc)

W(k + Nc) ∝ H∗c (k + Nc)

. (36)
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This suggests that when the channel gain drops, the MMSE
weight of Eq. (32) approximately acts as the maximal ratio
combining (MRC) weight.

4. Computer Simulation

We show the computer simulation results. The simulation
condition is summarized in Table 1. We assume quadra-
ture phase shift keying (QPSK) modulation, a signal block
length of Nc = 256 symbols and a GI length of Ng = 32
symbols. The propagation channel is assumed to be a Ts/2-
spaced L = 32-path frequency-selective block Rayleigh fad-
ing channel having uniform power delay profile. The tim-
ing offset Δ is assumed to be uniformly distributed over
[−0.5, 0.5]. The ideal channel estimation is also assumed.

Figure 9 plots the BER performance of the proposed
joint MMSE-FDE & spectrum combining as a function of
the roll-off factor αwhen the average received bit energy-to-
noise power spectrum density ratio Eb/N0(= 0.5(Es/N0)(1+
Ng/Nc)) = 12 dB. For comparison, the performance of the
conventional MMSE-FDE and that of MMSE-FDE with
spectrum combining using the weight which minimizes the
equalization error before spectrum combining is also plot-
ted. The MMSE weight of MMSE-FDE with spectrum com-
bining minimizes the equalization error e(k) = R(k)W(k) −

Table 1 Simulation condition.

Fig. 9 Impact of α.

√
2Es/TsΦ(k)S (k) before spectrum combining and is given

by

W(k) =
H∗(k,Δ)Φ(k)

|H(k,Δ)|2 + Λ−1(k,Δ)
(37)

As shown in Fig. 9, when the timing offset exists, the
performance of the conventional MMSE-FDE degrades as
α increases. On the other hand, both the proposed joint
MMSE-FDE & spectrum combining and MMSE-FDE with
spectrum combining achieve almost the same performance
as in the no timing offset case irrespective of α. The perfor-
mances of both joint MMSE-FDE & spectrum combining
and MMSE-FDE with spectrum combining improve as α
increases. The reason for this is that, as the signal band-
width becomes wider, the proposed joint MMSE-FDE &
spectrum combining and MMSE-FDE with spectrum com-
bining can achieve increased frequency diversity gain due to
joint equalization and frequency diversity combining. Note
that if the channel has symbol-spaced time delays, the fre-
quency diversity gain does not depend on the value of α
since the channel transfer function is a periodic function of
period Nc/Ts. As seen from Fig. 9, the joint MMSE-FDE &
spectrum combining provides much better performance than
MMSE-FDE with spectrum combining. This is because the
spectrum combining is similar to equal-gain diversity com-
bining in MMSE-FDE with spectrum combining, while it is
similar to maximal ratio combining in joint MMSE-FDE &
spectrum combining.

Figure 10 plots the average BER performance as a
function of Eb/N0 with α as a parameter. As shown in
Fig. 10(a), when α = 0, the conventional MMSE-FDE in
the presence of timing offset achieves almost the same per-
formance as in the the no timing offset case. This is be-
cause the adjacent spectra, which are phase-rotated due to
the timing offset, do not overlap and therefore, no spectrum
distortion is produced. However, as α increases, the per-
formance of the conventional MMSE-FDE degrades since
the residual spectrum distortion becomes severer due to the
overlapping of adjacent spectra which are given different
phase rotations due to the timing offset. On the other hand,
the proposed joint MMSE-FDE & spectrum combining can
achieve almost the same performance as in the no timing
offset case irrespective of α since the overlapping of the
phase-rotated spectra can be avoided by double oversam-
pling and the phase rotation can be compensated by FDE.
As α increases, the use of joint MMSE-FDE & spectrum
combining achieves much better performance than the con-
ventional MMSE-FDE since the signal bandwidth becomes
wider and larger frequency diversity gain can be achieved.
The required Eb/N0 for BER=10−3 in the presence of timing
offset can be reduced by about 3 and 6.8 dB from that of the
conventional MMSE-FDE when α = 0.5 and 1, respectively.

5. Conclusion

In this paper, we clarified the mechanism that causes the
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Fig. 10 BER performance.

BER performance degradation on the SC transmission us-
ing MMSE-FDE in the presence of timing offset. When the
timing offset is present, the spectrum of the signal sampled
at the symbol rate distorts since adjacent frequency-shifted
spectra are given different phase rotations and they overlap if
the roll-off factor of Nyquist filter is larger than 0. To solve
this problem, we proposed a joint MMSE-FDE & spectrum
combining. In the proposed joint MMSE-FDE & spec-
trum combining, the received signal is sampled at 2 times
higher rate than the symbol rate to avoid overlapping of the
adjacent frequency-shifted signal spectra and then, the si-
multaneous compensation of both the phase rotation caused
by the timing offset and the spectrum distortion due to the
channel frequency-selectivity and the spectrum combining
based on MMSE criterion to restore the ISI-free condition
over the desired frequency range are performed. We have
shown by the computer simulation that the proposed joint
MMSE-FDE & spectrum combining can provide almost the
same BER performance as in the no timing offset case and
furthermore, it can achieve better BER performance as the
roll-off factor increases since the signal bandwidth becomes
wider and therefore, larger frequency diversity gain can be
achieved.
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Appendix A: Derivation of Eq. (16)

H(k,Δ) of Eq. (12) can be rewritten as

H(k,Δ) =
∞∑

l′=−∞

L−1∑
l=0

hl

∫ ∞

−∞
Φ( f ) exp j2π f (Δ − τl)

× exp

{
− j2π

(
k

Nc
− f

)}
d f ,

(A· 1)

where Φ( f ) is the transfer function of the overall (transmit+
receive) filter, given by Eq. (19). Since

∞∑
n=−∞

exp(− j2πn fG) =
1
G

∞∑
n=−∞
δ
(

f − n
G

)
, (A· 2)

where G is a positive real number, we obtain

H(k,Δ)

=

∞∑
l′=−∞

L−1∑
l=0

hl exp

{
− j2π(k − l′Nc)

τl

Nc

}
Φ(k − l′Nc)

× exp

{
j2π(k − l′Nc)

Δ

Nc

}
. (A· 3)

Using

L−1∑
l=0

hl exp

{
− j2π(k − l′Nc)

τl

Nc

}
= Hc(k − l′Nc), (A· 4)

we finally obtain

H(k,Δ) =
∞∑

l′=−∞
Hc(k − l′Nc)Φ(k − l′Nc)

× exp

{
j2π(k − l′Nc)

Δ

Nc

}
. (A· 5)

Appendix B: Derivation of the MMSE Weight for Joint
MMSE-FDE & Spectrum Combining

Solving ∂E
[
|e(k)|2

]
/∂W(k − qNc) = 0 gives the MMSE

weight {W(k − qNc); k = −Nc/2 ∼ Nc/2 − 1, q = −1 ∼ 1},
where E

[
|e(k)|2

]
is the MSE of the equalization error e(k).

Since

E
[
|e(k)|2

]
=

2Es

Ts

∣∣∣∣∣∣∣∣
1∑

q=−1

H(k − qNc,Δ)W(k − qNc) − 1

∣∣∣∣∣∣∣∣
2

+

1∑
q=−1

E
[
|N(k − qNc)|2

]
W(k − qNc)

+

1∑
q=−1

E
[
|Π(k − qNc)|2

]
W(k − qNc), (A· 6)

we have

∂E
[
|e(k)|2

]
∂W(k − qNc)

=
2Es

Ts
H(k−qNc,Δ)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1∑

q=−1

H∗(k−qNc,Δ)W∗(k − qNc)−1

⎫⎪⎪⎪⎬⎪⎪⎪⎭
+ E

[
|N(k − qNc)|2 + |Π(k − qNc)|2

]
W∗(qN − kc). (A· 7)

Solving ∂E
[
|e(k)|2

]
/∂W(k − qNc) = 0 and using Λ(k,Δ) =

(2Es/Ts)/E
[
|N(k)|2 + |Π(k)|2

]
, W(k) is given by Eq. (32).
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