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ABSTRACT

Adaptive system identification (ASI) problems have attracted both academic and industrial attentions for a
long time. As one of the classical approaches for ASI, performance of least mean square (LMS) is unstable
in low signal-to-noise ratio (SNR) region. On the contrary, least mean fourth (LMF) algorithm is difficult to
implement in practical system because of its high computational complexity in high SNR region, and
hence it is usually neglected by researchers. In this paper, we propose an effective approach to identify
unknown system adaptively by using combined LMS and LMF algorithms in different SNR regions.
Experiment-based parameter selection is established to optimize the performance as well as to keep the
low computational complexity. Copyright © 2013 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Adaptive system identification (ASI) includes many applications such as interference cancelation
[1–3], spectral subtraction [4, 5], wireless localization [6–9], channel equalization [10–13], and
adaptive beamforming [14]. One of most popular algorithms is least mean square (LMS), which is pro-
posed byWidrow et al. [15]. Its popularity comes from the fact that it is very simple to implement. As a
consequence, the LMS algorithm was widely used in many applications [16–18]. Many researchers
have proposed different methods for improving steady-state performance of LMS without dramatically
increasing the computational complexity. However, LMS cannot achieve good steady-state perfor-
mance in low signal-to-noise ratio (SNR) region, for example, SNR< 5 dB.
In LMS family, the least mean fourth (LMF) algorithm was first developed by Walach and Widrow

[19]. The algorithm applied the fourth-order power optimization criterion instead of the square power
used for LMS. This idea came from the fact that higher-order power filters can mitigate noise interfer-
ence effectively, especial in low SNR region [20]. However, the computational complexity of LMF is
very high, which is caused by higher-order power optimization in its updating equation.
To fully take the advantages of both LMS and LMF, a combined LMS/F algorithm has been

proposed by Lim and Harris [21] as a method to improve the performance of LMS adaptive filter
without sacrificing its simplicity and stability. However, the proposedmethod only considered its updat-
ing equation, and it neglected specific applications in different SNR regions. In this paper, we introduce
the combined LMS/F algorithm to ASI by considering the tradeoff between convergence speed and
steady-state performance. The cost function of LMS/F is constructed for adaptive filter updating. In
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different SNR regions, experiment-based parameter selection is established to optimize the performance
while keeping its computational complexity low.
In Section 2, both standard LMS and LMF algorithms are introduced. In Section 3, the combined

LMS/F algorithm is presented, and its cost function is constructed. In Section 4, we propose the param-
eter selection method by using computer simulations. Concluding remarks are presented in Section 5.

2. LMS AND LMF ALGORITHMS

Assume an unknown system as shown in Figure 1, input signal is x(n) at time n and coefficients-
vector of an N-length finite impulse response (FIR) filter is w= [w1,w2, . . .,wN]

T, then output signal
y(n) is given by

y nð Þ ¼ wTx nð Þ þ z nð Þ; (1)

where x(n) = [x(n), x(n� 1), . . ., x(n�N+ 1)]T is input signal vector and z(n) is the observed noise,
which is assumed to be independent with x(n). The objective of LMS-type filters is to identify the
unknown coefficients-vector adaptively by using the input signal x(n) and the output y(n) in an
iterative way. Let w(n) be the estimated coefficients-vector at nth iteration, then instantaneous estima-
tion error is defined as e(n) = y(n)�wT(n)x(n).
In the standard LMS algorithm [11], its cost function L1(n) was constructed by

L1 nð Þ ¼ 1
2
e2 nð Þ: (2)

The corresponding updating equation of LMS is given by

w nþ 1ð Þ ¼ w nð Þ � m1
@L1 nð Þ
@w nð Þ ¼ w nð Þ þ m1e nð Þx nð Þ; (3)

where m1 is the step size, which determines the stability and the speed of convergence. The necessary
condition of reliable LMS-based ASI is 0< m1< 2/gmax, where parameter gmax is the maximum eigen-
value of the covariance matrix R=E{x(n)xT(n)} of x(n).
In the standard LMF algorithm, its cost function L2(n) is written as

L2 nð Þ ¼ 1
2
e4 nð Þ: (4)

The filter coefficients-vector w(n) is then updated by

w nþ 1ð Þ ¼ w nð Þ � m2
@L2 nð Þ
@w2 nð Þ ¼ w nð Þ þ m2e

3 nð Þx nð Þ; (5)

where m2 is the step size, which determines the stability and the speed of convergence. The necessary
condition of reliable LMF-based ASI is 0< m2< 1/(Ngmax) [15]. Let v(n) denote the weight error
vector, which is defined as

Figure 1. System identification using adaptive algorithm.
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v nð Þ ¼ w nð Þ � wopt; (6)

where wopt is the optimal weight vector, which minimizes the mean square error and is given by

wopt ¼ R�1p; (7)

where p=E{x(n)y(n)} is expectation of the cross-correlation between the input vector x(n) and the out-
put vector y(n). It is assumed that the weight error vector v(n) and the input vector x(n) are statistically
independent. The optimal mean square estimation (MSE) error emin is given by

emin ¼ y nð Þ � wT
optx nð Þ: (8)

Combining (3), (5), and (6), we can obtain

e nð Þ ¼ emin � vT nð Þx nð Þ: (9)

Hence, under the independence assumption, the steady-state excess MSE is given by

Pex 1ð Þ ¼ limn!1E e2 nð Þ½ � ¼
Tr R I� mRð Þ�1
� �

2� Tr R I� mRð Þ�1
� �E v2 nð Þ� �

: (10)

3. COMBINED LMS/F ALGORITHM

According to the cost functions of LMS in Equation (2) and LMF in Equation (4), the cost function
of standard LMS/F can be constructed as

L3 nð Þ ¼ 1
2
e2 nð Þ � 1

2
eln e2 nð Þ þ e

� �
; (11)

where the threshold parameter e> 0 is used to trade off between convergence speed and performance.
Then the update equation of LMS/F can be given by

w nþ 1ð Þ ¼ w nð Þ þ m3
@L3 nð Þ
@w nð Þ ¼ w nð Þ þ m3

e3 nð Þ
e2 nð Þ þ e

x nð Þ; (12)

where the gradient step-size m3 is used to control the convergence and performance. However, in prac-
tical FIR filter system in different SNR regions, selecting a reasonable parameter e for LMS/F is very
important, because the parameter e can well trade off steady-state performance and convergence speed.
In this paper, by virtue of computer simulations discussed in the next section, we recommend a param-
eter selection method in different SNR regions. In addition, we can also find that the adaptive updating
equation in Equation (12), when e≫ e2(n), behaves like the standard LMF algorithm with a step size
of m3/e; when e≪ e2(n), it reduces to the standard LMS algorithm with a step size of m3.

4. EXPERIMENTAL RESULTS

In this section, the proposed method is compared with LMS-based and LMF-based filters. The per-
formance is evaluated using the mean square deviation (MSD) standard, which is defined
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MSE w nð Þf g ¼ E w nð Þ � wk k22
n o

; (13)

where w(n) denotes nth adaptive updating filter coefficients-vector. Experiments have been carried out
to compare their convergence speed and steady-state performance with different SNRs, that is, SNR =
5–25 dB. The input signal and the observed noise are white Gaussian random sequences with variance
of 1 and 0.001, respectively. One thousand Monte Carlo runs are adopted for average. Assume that the
three filters have the same length, that is, N= 16. The gradient descend step size of LMS is set as
m1 = 0.05, which is recommend by El-Mahdy [18]. However, two step-size parameters of LMF and
LMS/F have not presented specific N-length filters, for example, N = 16. Consider the two SNR region,
that is, SNR = 5 dB and 15 dB; in computer simulations as shown in Figures 2 and 3, step-size
parameters are suggested as m3 = 0.002 to achieve good steady-state performance and to keep fast
convergence speed. We can find that as the step size becomes smaller, better MSD performance can
be achieved. Unfortunately, the convergence speed becomes slower at the same time. Hence, we
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Figure 2. Performance evaluation versus step-sizes m (SNR = 5 dB).
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Figure 3. Performance evaluation versus step-sizes m (SNR = 15 dB).
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recommend that the step size of LMS/F should be selected in the range [0.01, 0.001]. Similarly, a
smaller step size of LMF can also obtain better performance but at the cost of low convergence speed.
To trade off convergence speed and performance, we also select a step-size parameter of LMF as

m2 = 0.002 in Figures 4–7, where SNR changes from 5 to 25 dB. As shown in Figure 4, when the
SNR is low, that is, SNR= 5 dB, both LMS and LMS/F algorithms yield faster convergence than
LMF. However, LMF can achieve better steady-state identification performance than LMS and
LMS/F with a cost of slow convergence (over 3000 iterations). In practical system, it is necessary
to balance steady-state performance and convergence speed. In low SNR region, we recommend
that the parameter threshold e be chosen in the range e= [0.3,1), because the steady-state perfor-
mance of LMS/F is much better than that of LMS when its iteration times are less than 1000. In
the medium SNR region, for example, SNR= 10 and 15 dB, with simulation results as shown in
Figures 5 and 6, parameter e is recommended to be selected in the range e = (0,0.3]; the LMS/F
algorithm can keep a fast convergence speed, and its steady-state performance is better than that
in the LMS algorithm. In high SNR region, for example, SNR = 25 dB as shown in Figure 7, both
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Figure 4. Performance evaluation versus parameter threshold e (SNR = 5 dB).
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Figure 5. Performance evaluation versus parameter threshold e (SNR = 10 dB).
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LMS and LMS/F can achieve good steady-state performance (MSD is less than 10� 5). Although
LMS/F can achieve better performance than LMS, it is not recommended in practical ASI when
low calculation complexity is required.

5. CONCLUSION

In this paper, we have investigated LMS/F algorithm with its application to ASI. Experiment-based
parameter selection method was proposed for both step size of gradient descend and threshold of
LMS/F algorithm. According to computer simulations, we found that LMS/F can achieve much
better steady-state performance than LMS in low SNR region, and its convergence speed is faster
than LMF. In high SNR region, LMS/F can also achieve better performance than LMS; however,
it is not recommended in practical ASI when low convergence speed is considered. In one work,
the LMS/F algorithm is a good choice for ASI in low SNR region.
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Figure 6. Performance evaluation versus parameter threshold e (SNR = 15 dB).
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Figure 7. Performance evaluation versus parameter threshold e (SNR = 25 dB).

G. GUI, W. PENG AND F. ADACHI

Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Commun. Syst. 2013
DOI: 10.1002/dac



ACKNOWLEDGEMENT

The authors would like to thank the anonymous reviewers and the editor for their kind and constructive
comments which helped much to improve the quality of the paper. This work was supported by the
Japan Society for the Promotion of Science (JSPS) postdoctoral fellowship.

REFERENCES

1. Zhou ZR, Feng G, Zhang YD, Li LM. On feasibility examination of DS-CDMA systems with imperfect successive
interference cancellation. International Journal of Communication Systems 2010; 23(5):653–672.

2. Shakya I, Ali FH, Stipidis E. Robust blind PIC with adaptive despreader and improved interference estimator.
International Journal of Communication Systems 2009; 22(1):1–23.

3. Liu DR, Zare H. A multipath interference cancellation technique for WCDMA downlink receivers. International
Journal of Communication Systems 2007; 20(6):661–668.

4. Udrea RM, Vizireanu DN, Ciochina S. An improved spectral subtraction method for speech enhancement using a
perceptual weighting filter. Digital Signal Processing 2008; 18(4):581–587.

5. Udrea RM, Vizireanu DN, Ciochina S, Halunga S. Nonlinear spectral subtraction method for colored noise reduc-
tion using multi-band Bark scale. Signal Processing 2008; 88(5):1299–1303.

6. Liu B, Chen H, Zhong Z, Poor HV. Asymmetrical round trip based synchronization-free localization in large-scale
underwater sensor networks. IEEE Transactions on Wireless Communications 2010; 9(11):3532–3542.

7. Chen L, Chen W, Wang B, Zhang X, Chen H, Yang D. System-level simulation methodology and platform for
mobile cellular systems. IEEE Communications Magazine 2011; 49(7):148–155.

8. Wang G, Chen H. An importance sampling method for TDOA-based source localization. IEEE Transactions on
Wireless Communications 2011; 10(5):1560–1568.

9. Chen H, Wang G, Wang Z, So H, Poor H. Non-line-of-sight node localization based on semi-definite programming
in wireless sensor networks. IEEE Transactions on Wireless Communications 2012; 11(1):108–116.

10. Ozen A. A novel variable step size adjustment method based on channel output autocorrelation for the LMS training
algorithm. International Journal of Communication Systems 2011; 24(7):938–949.

11. Cai JP, Li Z, Chen XJ, Hao BJ. An adaptive receiver of joint data and channel estimation for meteor burst com-
munications. International Journal of Communication Systems 2011; 24(6):745–760. DOI: 10.1002/dac.1182

12. Jagannatham AK, Rao BD. Cramer–Rao bound based mean-squared error and throughput analysis of superimposed
pilots for semi-blind multiple-input multiple-output wireless channel estimation. International Journal of Commu-
nication Systems 2012. DOI: 10.1002/dac.2403

13. Gui G, Peng W Adachi F. High-resolution compressive channel estimation for broadband wireless communication
systems. International Journal of Communication Systems 2012. DOI: 10.1002/dac.2483

14. Chen HH, Lee JS. Adaptive joint beamforming and B-MMSE detection for CDMA signal reception under multipath
interference. International Journal of Communication Systems 2004; 17(7):705–721.

15. Widrow B, McCool JM, Larimore MG, Johnson CR. Stationary and nonstationary learning characteristics of the
LMS adaptive filter. Proceedings of the IEEE 1976; 64(8):1151–1162.

16. Haykin S. Adaptive Filter Theory. Prentice Hall, Upper Saddle River: NJ, 2002.
17. Otaru MU, Zerguine A, Cheded L. Channel equalization using simplified least mean-forth algorithm. Digital signal

processing 2010; 21(2011):447–465.
18. El-Mahdy AES. Adaptive channel estimation and equalization for rapidly mobile communication channels. IEEE

Transactions on Communications 2004; 52 (7):1126–1135.
19. Walach E, Widrow B. The least mean fourth (LMF) adaptive algorithm and its family. IEEE Transactions on In-

formation Theory 1984; 30(2):275–283.
20. Mendel JM. Tutorial on higher-order statistics (spectra) in signal processing and system theory: theoretical results

and some application. Proceedings of the IEEE 1991; 79(3):278–305.
21. Lim SJ, Haris JG. Combined LMS/F algorithm. Electronics Letters 1997; 33(6):467–468.

ROBUST LMS/F ALGORITHM

Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Commun. Syst. 2013
DOI: 10.1002/dac



AUTHORS’ BIOGRAPHIES

Guan Gui received his DrEng degree in Information and Communication Engi-
neering from the University of Electronic Science and Technology of China
(UESTC), Chengdu, China, in 2011. From March 2009 to July 2011, he was se-
lected as outstanding doctor training candidate by the UESTC. From October
2009 to March 2012, with the financial support from the China Scholarship
Council (CSC) and the Global Center of Education (ECOE) of Tohoku Univer-
sity, he joined a wireless signal processing and network laboratory (Prof. Ada-
chi’s laboratory) and the Department of Communication Engineering, Graduate
School of Engineering, Tohoku University, as a research assistant and postdoc-
toral research fellow, respectively. Since September 2012, he is supported by Ja-
pan Society for the Promotion of Science (JSPS) fellowship as postdoctoral re-
search fellow at the same laboratory. His research interests are adaptive
system identification, compressive sensing, sparse dictionary designing, channel
estimation, and advanced wireless techniques.

Wei Peng received her BS and MS degrees in Electrical Engineering from
Wuhan University, Wuhan, China, in 2000 and 2003, respectively. She re-
ceived her DrEng degree in Electrical and Electronic Engineering from the
University of Hong Kong, Hong Kong, in 2007. Since December 2007, she
has been with Tohoku University, and currently, she is with the Department
of Communication Engineering as an assistant professor. Her research interests
are in multiple antenna technology, cellular system, and distributed antenna
network.

Fumiyuki Adachi received his BS and DrEng degrees in Electrical Engineer-
ing from Tohoku University, Sendai, Japan, in 1973 and 1984, respectively.
In April 1973, he joined the Electrical Communications Laboratories of Nip-
pon Telegraph & Telephone Corporation (now NTT) and conducted various
types of research related to digital cellular mobile communications. From
July 1992 to December 1999, he was with NTT Mobile Communications
Network, Inc. (now NTT DoCoMo, Inc.), where he led a research group on
wideband/broadband CDMA wireless access for IMT-2000 and beyond.
Since January 2000, he has been with Tohoku University, Sendai, Japan,
where he is a Professor of Communication Engineering at the Graduate
School of Engineering. His research interests are in CDMA wireless access
techniques, equalization, transmit/receive antenna diversity, MIMO, adaptive
transmission, and channel coding, with particular application to broadband
wireless communications systems. From October 1984 to September 1985,
he was a United Kingdom SERC Visiting Research Fellow in the Department
of Electrical Engineering and Electronics at Liverpool University. He is an
IEICE Fellow and was a co-recipient of the IEICE Transactions best paper
of the year award 1996, 1998, and 2009 and also a recipient of Achievement
award 2003. He is an IEEE Fellow and was a co-recipient of the IEEE Vehic-
ular Technology Transactions best paper of the year award 1980 and again
1990 and also a recipient of Avant Garde award 2000. He was a recipient
of Thomson Scientific Research Front Award 2004, Ericsson Telecommuni-
cations Award 2008, and Telecom System Technology Award 2010.

G. GUI, W. PENG AND F. ADACHI

Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Commun. Syst. 2013
DOI: 10.1002/dac


