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Joint Tx/Rx MMSE Filtering for Single-Carrier MIMO
Transmission

Shinya KUMAGAI†a), Student Member, Tatsunori OBARA†, Tetsuya YAMAMOTO†, Members,
and Fumiyuki ADACHI†, Fellow

SUMMARY In this paper, we propose a joint transmit and receive lin-
ear filtering based on minimum mean square error criterion (joint Tx/Rx
MMSE filtering) for single-carrier (SC) multiple-input multiple-output
(MIMO) transmission. Joint Tx/Rx MMSE filtering transforms the MIMO
channel to the orthogonal eigenmodes to avoid the inter-antenna interfer-
ence (IAI) and performs MMSE based transmit power allocation to suffi-
ciently suppress the inter-symbol interference (ISI) resulting from the se-
vere frequency-selectivity of the channel. Rank adaptation and adaptive
modulation are jointly introduced to narrow the gap of received signal-to-
interference plus noise power ratio (SINR) among eigenmodes. The su-
periority of the SC-MIMO transmission with joint Tx/Rx MMSE filtering
and joint rank adaptation/adaptive modulation is confirmed by computer
simulation.
key words: single-carrier transmission, MIMO, MMSE filtering, rank
adaptation, adaptive modulation

1. Introduction

Multiple-input multiple-output (MIMO) [1] is a powerful
technique to increase the transmission data rate by increas-
ing the spatial multiplexing order (i.e., increasing the rank)
or to improve the transmission quality by increasing the di-
versity order (i.e., decreasing the rank). MIMO with or-
thogonal frequency-division multiplexing (OFDM) [2], [3]
is known for its robustness against frequency-selective fad-
ing [4]. However, the disadvantage of OFDM is its high
peak-to-average power ratio (PAPR) [3], [5].

Recently, MIMO with single-carrier (SC) block trans-
mission [6]–[8] has been attracting much attention as an
alternative technique because of its low PAPR property
[7]. SC-MIMO suffers not only from the inter-antenna in-
terference (IAI) caused by MIMO multiplexing but also
from the inter-symbol interference (ISI) caused by severe
frequency-selectivity of the channel. The minimum mean
square error based receive linear filtering (Rx MMSE filter-
ing) [6], [7] achieves good transmission performance with
low-complexity. However, its performance improvement is
limited due to the existence of residual IAI and ISI after
MMSE filtering. To improve the transmission performance,
non-linear signal detection techniques such as iterative in-
terference cancellation [7] and maximum likelihood based
detection [8] were proposed. However, their computation
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complexity is extremely high.
Another interesting technique to improve the trans-

mission performance is joint transmit/receive linear sig-
nal detection [9], [10]. If the channel state information
(CSI) of broadband MIMO channel is available at both
the transmitter and receiver, the transmission performance
can be improved while keeping the computation complex-
ity low. In [9], MMSE based linear precoder and decoder
were proposed for MIMO transmission. The optimal pre-
coder and decoder transform the MIMO channel to orthog-
onal subchannels (i.e., eigenmodes) to avoid the IAI. How-
ever, the precoder and decoder are designed for frequency-
nonselective MIMO channel only, and therefore, do not con-
sider the ISI. On the other hand, in [10], joint transmit and
receive MMSE based frequency-domain equalization (joint
Tx/Rx MMSE-FDE) was proposed for SC block transmis-
sion. By performing MMSE based transmit power allo-
cation across frequencies, joint Tx/Rx MMSE-FDE suffi-
ciently suppresses the ISI and achieves a better performance
than Rx MMSE-FDE [11] which uses the CSI at the receiver
only. However, it was designed for single-input single-
output (SISO) case only, and therefore, does not consider
the IAI.

In this paper, we propose a joint Tx/Rx MMSE based
linear filtering for SC-MIMO transmission to suppress both
IAI and ISI. The proposed joint Tx/Rx MMSE filtering
transforms the MIMO channel to eigenmodes to avoid the
IAI and jointly performs MMSE based frequency-domain
transmit power allocation and receive FDE on the eigen-
modes to suppress the ISI. However, the existence of eigen-
modes having low received signal-to-interference plus noise
power ratio (SINR) limits the improvement of transmission
performance. Therefore, rank adaptation [12] and adap-
tive modulation [13], [14] are jointly introduced to narrow
the gap of received SINR among eigenmodes. The optimal
combination of the number of data streams (i.e., rank) and
modulation levels is determined based on the minimum bit
error rate (BER) criterion.

The remainder of this paper is organized as follows.
Section 2 presents the transmission system model and signal
representation for SC-MIMO transmission with joint Tx/Rx
MMSE filtering and joint rank adaptation/adaptive modu-
lation and then, presents the derivation of optimal Tx/Rx
filters. Section 3 describes joint rank adaptation/adaptive
modulation. In Sect. 4, we evaluate the BER performance
achievable with the SC-MIMO transmission using joint
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Tx/Rx MMSE filtering and joint rank adaptation/adaptive
modulation by computer simulation. Section 5 gives the
concluding remarks.

2. SC-MIMO Transmission with Joint Tx/Rx MMSE
Filtering and Joint Rank Adaptation/Adaptive Mod-
ulation

2.1 System Model and Signal Representation

A system model of SC-MIMO transmission with joint
Tx/Rx MMSE filtering and joint rank adaptation/adaptive
modulation is illustrated in Fig. 1. A transmitter and a re-
ceiver have Nt and Nr antennas, respectively. The infor-
mation bit sequence is data modulated based on the joint
rank adaptation/adaptive modulation described in Sect. 3 to
G (less than or equal to min(Nt,Nr)) parallel streams of Nc-
symbol blocks, where Nc is the size of discrete Fourier trans-
form (DFT) and inverse DFT (IDFT). The symbol block of
each stream is transformed into a frequency-domain signal
by Nc-point DFT.

The Nt × 1 transmit symbol vector S(k) at the k (= 0 ∼
Nc − 1)th frequency is obtained by applying the Tx MMSE
filtering to the Nt×1 frequency-domain signal vector D(k) =
[D0(k), . . . ,Dg(k), . . . ,DG−1(k)]T after Nc-point DFT, which
is expressed as

S(k) =
[
S 0(k), . . . , S n(k), . . . , S Nt−1(k)

]T
=Wt(k)D(k), (1)

where (.)T is the transpose operation and Wt(k) is the Nt ×G
Tx filter matrix. Nc-point IDFT is applied to each transmit
symbol block {S n(k); k = 0 ∼ Nc − 1} , n = 0 ∼ Nt − 1. Fi-
nally, the last Ng symbols of each transmit block are copied
as a cyclic prefix (CP) and inserted into the guard interval
(GI) at the beginning of each block before transmission.

At the receiver, after removing CP, the superimposed

Fig. 1 SC-MIMO transmission with joint Tx/Rx MMSE filtering and
joint rank adaptation/adaptive modulation.

signal block received by each of Nr antennas is transformed
into the frequency-domain signal byNc-point DFT. The Nr×
1 frequency-domain received signal vector R(k) at the kth
frequency after Nc-point DFT is expressed as

R(k) =
[
R0(k), . . . ,Rm(k), . . . ,RNr−1(k)

]T
=

√
2Es

Ts
H(k)S(k) + Z(k), (2)

where Es and Ts are the average transmit symbol energy and
symbol duration, respectively. H(k) is the Nr × Nt MIMO
channel matrix and Z(k) = [Z0(k), . . . , Zm(k), . . . , ZNr−1(k)]T

is the noise vector whose elements are zero-mean complex-
valued random variables having the identical variance
2N0/Ts with N0 being the one-sided power spectrum den-
sity of additive white Gaussian noise (AWGN).

The G × 1 frequency-domain soft-output vector D̂(k) is
obtained by performing the Rx MMSE filtering on R(k) as

D̂(k) =
[
D̂0(k), . . . , D̂g(k), . . . , D̂G−1(k)

]T
=Wr(k)R(k)

=

√
2Es

Ts
Wr(k)H(k)Wt(k)D(k) +Wr(k)Z(k),

(3)

where Wr(k) is the G × Nr Rx filter matrix. Nc-point
IDFT is applied to each frequency-domain soft-output block{
D̂g(k); k = 0 ∼ Nc − 1

}
, g = 0 ∼ G − 1, and then the G par-

allel time-domain soft-output blocks are obtained.

2.2 Derivation of Tx/Rx Filters

In this section, we derive the optimal transmit and receive
filters based on MMSE criterion. The total MSE ε of the
blocks between the transmit symbol vector D(k) and the
soft-output vector D̂(k) is defined as

ε ≡ E

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Nc−1∑
k=0

tr

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝D(k) − D̂(k)√

2Es

Ts

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝D(k) − D̂(k)√

2Es

Ts

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
H
⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ ,

(4)

where E(.), tr(.), and (.)H are the ensemble average oper-
ation, trace operation, and Hermitian transpose operation,
respectively. Substituting Eq. (3) into Eq. (4), the total MSE
can be rewritten as

ε =

Nc−1∑
k=0

tr

⎧⎪⎪⎨⎪⎪⎩ (IG −Wr(k)H(k)Wt(k))

× (IG −Wr(k)H(k)Wt(k))H

⎫⎪⎪⎬⎪⎪⎭
+ γ−1

Nc−1∑
k=0

tr
{
Wr(k)WH

r (k)
}
, (5)

where IA is the A × A identity matrix and γ = Es/N0.
Here, we use E[D(k)DH(k)] = IG and E[Z(k)ZH(k)] =
(2N0/Ts) INr . The minimization of the total MSE ε under
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the total transmit power constraint is an optimization prob-
lem given as{

Wt,opt(k),Wr,opt(k)
}
= arg min
{Wt(k),Wr(k);k=0∼Nc−1}

ε

s.t.
∑Nc−1

k=0 tr
{
Wt(k)WH

t (k)
}
= Nc.

(6)

The Tx and Rx filters which satisfy Eq. (6) are the MMSE
solution. However, it is quite difficult to derive a set of
MMSE filter matrices

{
Wt,opt(k),Wr,opt(k)

}
at the same time

since Wt(k) is the function of Wr(k) or vice versa. There-
fore, in this paper, as in [10], we consider the concatena-
tion of Tx filter and MIMO channel as a equivalent channel
H(k) = H(k)Wt(k) and first, we derive the optimal Rx filter
matrix Wr,opt(k). Then, we derive the optimal Tx filter ma-
trix Wt,opt(k) by solving the optimization problem of Eq. (6)
for the given Wr,opt(k).

The objective function given as Eq. (5) is a convex
function because the Hessian matrix∇2ε is positive semidef-
inite [15]. Therefore, the objective function is minimized
when ∂ε/∂Wr(k) = 0. As a consequence, Wr,opt(k) is ob-
tained as

Wr,opt(k) = H
H

(k)
{
H(k)H

H
(k) + γ−1INr

}−1
. (7)

Substituting Eq. (7) into Eq. (6) and using the matrix
inversion lemma [16], the optimization problem is rewritten
as

Wt,opt(k)

= arg min
{Wt(k);k=0∼Nc−1}

Nc−1∑
k=0

tr

⎧⎪⎪⎨⎪⎪⎩ γH(k)Wt(k)

×WH
t (k)HH(k) + INr

⎫⎪⎪⎬⎪⎪⎭
−1

s.t.
Nc−1∑
k=0

tr
{
Wt(k)WH

t (k)
}
= Nc. (8)

For any I × I square matrix A, it is true that tr[A] =∑I−1
i=0 λi, where λi is the i (= 0 ∼ I − 1)th eigenvalue of A

[16]. Therefore, Eq. (8) can be rewritten as

Wt,opt(k)

= arg min
{Wt(k);k=0∼Nc−1}

Nc−1∑
k=0

tr

⎧⎪⎪⎨⎪⎪⎩ γH(k)Wt(k)

×WH
t (k)HH(k) + INr

⎫⎪⎪⎬⎪⎪⎭
−1

= arg min
{Wt(k);k=0∼Nc−1}

Nc−1∑
k=0

tr

⎧⎪⎪⎨⎪⎪⎩ γWt(k)WH
t (k)

×HH(k)H(k) + INt

⎫⎪⎪⎬⎪⎪⎭
−1

= arg min
{Pg(k);g=0∼G−1,k=0∼Nc−1}

Nc−1∑
k=0

G−1∑
g=0

{
γPg(k)Λg(k) + 1

}−1

s.t.
Nc−1∑
k=0

tr
{
Wt(k)WH

t (k)
}
= Nc.

(9)

Here, we use tr[AB] = tr[BA], where A and B are respec-
tively A× B and B× A matrices. Pg(k) and Λg(k) are the gth
eigenvalue of Wt(k)WH

t (k) and HH(k)H(k), respectively.

H(k) and Wt(k) can be transformed by singular value
decomposition [16] as⎧⎪⎪⎨⎪⎪⎩H(k) = Uh(k)

√
Λ(k)VH

h (k)

Wt(k) = Ut(k)
√

P(k)VH
t (k)

, (10)

where Vh(k) and Ut(k) are respectively the Nt × Nt unitary
matrices. Uh(k) is the Nr×Nr unitary matrix and Vt(k) is the
G×G unitary matrix. Λ(k) is the Nr×Nt matrix whose (i, i)th
element is Λi(k); i = 0 ∼ rank[HH(k)H(k)], and any other
elements are zero. P(k) is the Nt × G matrix whose (g, g)th
element is Pg(k) and any other elements are zero. Therefore
Eq. (8) can also be rewritten by substituting Eq. (10) as

Wt,opt(k)

= arg min
{P(k),Ut(k);k=0∼Nc−1}

Nc−1∑
k=0

tr

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
γ
√
Λ(k)VH

h (k)Ut(k)

× √P(k)
√

PT (k)UH
t (k)

× Vh(k)
√
ΛT (k) + INr

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭

−1

s.t.
Nc−1∑
k=0

tr
{ √

P(k)
√

PT (k)
}
= Nc.

(11)

Since Eq. (11) is equal to Eq. (9), Ut(k) = Vh(k). Further-
more, Vt(k) does not appear in Eq. (11). Therefore, the op-
timization problem does not depend on Vt(k). Accordingly,
Vt(k) can be set to an arbitrary G ×G unitary matrix for all
k. In this paper, we set Vt,opt(k) = IG for the sake of brevity
(the impact of Vt(k) on the PAPR of the transmit signal is
discussed in Appendix A.). As a consequence, Wt,opt(k) is
expressed as

Wt,opt(k) = Vh(k)
√

Popt(k). (12)

The optimization problem is rewritten by substituting
Eq. (12) into Eq. (11) as

Pg,opt(k)

= arg min
{Pg(k);g=0∼G−1,k=0∼Nc−1}

Nc−1∑
k=0

G−1∑
g=0

1
γPg(k)Λg(k) + 1

s.t.

⎧⎪⎪⎨⎪⎪⎩
∑Nc−1

k=0

∑G−1
g=0 Pg(k) = Nc

Pg(k)≥0 for g=0 ∼ G−1 and k=0 ∼ Nc−1,

(13)

which can be solved by non-linear programming and the so-
lution satisfies Karush-Kuhn-Tucker (KKT) condition [15].
Following [15], the optimal solution is given as (the deriva-
tion is shown in Appendix B)

Pg,opt(k) = max

⎧⎪⎪⎨⎪⎪⎩ 1√
μ

1√
γΛg(k)

− 1
γΛg(k)

, 0

⎫⎪⎪⎬⎪⎪⎭ , (14)

where μ is chosen to satisfy the constraint condition in
Eq. (13) (i.e., total transmit power constraint).
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Fig. 2 One shot observation of the power allocation.

2.3 Discussion

In this section, we discuss the behavior of joint Tx/Rx
MMSE filtering. The equivalent channel matrix Ĥ(k) after
the Rx MMSE filtering is expressed as

Ĥ(k) =Wr,opt(k)H(k)Wt,opt(k)

= diag

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
P0,opt(k)Λ0(k)

P0,opt(k)Λ0(k) + γ−1
, . . . ,

PG−1,opt(k)ΛG−1(k)

PG−1,opt(k)ΛG−1(k) + γ−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
≡ diag

[
Ĥ0(k), . . . , ĤG−1(k)

]
. (15)

It can be seen from Eq. (15) that the MIMO channel matrix
H(k) is diagonalized (i.e., the IAI is avoided) by joint Tx/Rx
MMSE filtering. In addition, the ISI can be significantly
suppressed by applying the MMSE based power allocation
to each eigenmode following Eq. (14).

Figure 2 shows one shot observation of the proposed
MMSE power allocation when Nt = Nr = G = 2,Nc =

128, Es/N0 = 6 dB, and a 16-path frequency-selective block
Rayleigh fading having uniform power delay profile. It can
be understood from Eq. (14) that the proposed MMSE power
allocation is similar to the power allocation based on the
well-known water-filling theory across both eigenmodes and
frequencies (2D-WF) given as [2]

Pg,opt(k) = max

{
1√
μ
− 1
γΛg(k)

, 0

}
. (16)

In Fig. 2, the conventional 2D-WF power allocation is also
plotted for comparison. The 2D-WF power allocation is
done by allocating much power to the eigenmodes and fre-
quencies with high Λg(k), and no power to those with low

Fig. 3 One shot observation of the equivalent channel.

Λg(k). Therefore, the ISI is enhanced and the transmis-
sion performance degrades. However, the proposed MMSE
power allocation is quite different from the 2D-WF power
allocation. In the proposed MMSE power allocation, each
eigenmode and frequency has different threshold (first term
of right side of Eq. (14)) because it depends onΛg(k). There-
fore, the proposed MMSE power allocation avoids the ISI
enhancement by allocating power to the eigenmodes and
frequencies which have comparatively low Λg(k).

Figure 3 shows a one-shot observation of the equivalent
channel Ĥ(k) when the power allocation shown in Fig. 2 has
been carried out. It can be seen from Fig. 3 that the ISI on the
0th eigenmode caused by the channel frequency-selectivity
is sufficiently suppressed by the proposed MMSE power al-
location and also by the 2D-WF power allocation. Since the
ISI is not strong on the 0th eigenmode, the Rx MMSE fil-
tering is enough to suppress the ISI. On the other hand, the
ISI is stronger on the 1st eigenmode than on the 0th eigen-
mode. Therefore, the Rx MMSE filtering cannot sufficiently
suppress the ISI on the 1st eigenmode. In fact, the received
SINR of the 0th (1st) eigenmode is about 6.3 dB (−1.7 dB)
when the proposed MMSE power allocation is used while
that of the 0th (1st) eigenmode is about 7.9 dB (−4.5 dB)
when the conventional 2D-WF power allocation is used. As
a consequence, the proposed MMSE power allocation is ef-
fective to avoid the ISI enhancement on the 1st eigenmode
but 2D-WF power allocation which does not consider the
ISI is not.

3. Rank Adaptation and Adaptive Modulation

In this paper, to mitigate the degradation of transmission
performance due to the received SINR gap among eigen-
modes, we introduce rank adaptation and adaptive modula-
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tion to the SC-MIMO transmission. The number G of data
streams (rank) and the modulation level for each eigenmode
are jointly determined based on the minimum BER criterion.
The transmission performance gap among eigenmodes can
be narrowed by allocating no or a few bits (i.e., reducing
the rank G or applying low level modulation) to the eigen-
modes which have low received SINR and allocating many
bits (i.e., applying high level modulation) to the eigenmodes
which have high received SINR.

The received SINR Γg of the gth eigenmode in the pro-
posed joint Tx/Rx MMSE filtering is given as (the derivation
is shown in Appendix C)

Γg =
H̃2
g

1
Nc
Σ

Nc−1
k=0 Ĥ2

g(k) − H̃2
g +

γ−1

Nc
Σ

Nc−1
k=0 Σ

Nr−1
m=0 |W (r)

g,m(k)|2
,

(17)

where

H̃2
g =

1
Nc

Nc−1∑
k=0

Ĥg(k), (18)

and W (r)
g,m(k) is the (g,m)th element of Wr(k).

When Gray code mapping is used and if ISI + noise
can be approximated as a complex-valued random variable,
the conditional BER p(g)

b of the gth eigenmode for the given
set of modulation level and received SINR Γg is given as [4]

p(g)
b = agerfc

⎛⎜⎜⎜⎜⎜⎜⎝
√
Γg

bg

⎞⎟⎟⎟⎟⎟⎟⎠ , (19)

where erfc(.) denotes the complementary error function and
ag and bg are shown in Table 1 for various modulation lev-
els. When Mg bits are allocated to the symbol of the gth
eigenmode, the conditional BER averaged over eigenmodes
is given as

P̄b =

∑G−1
g=0 Mgp

(g)
b∑G−1

g=0 Mg
=

1
η

G−1∑
g=0

Mgagerfc

⎛⎜⎜⎜⎜⎜⎜⎝
√
Γg

bg

⎞⎟⎟⎟⎟⎟⎟⎠ , (20)

where η =
∑G−1
g=0 Mg is the spectral efficiency in bps/Hz.

The rank G and the modulation levels for G streams are
jointly determined as follows. For the given spectral effi-
ciency η, the average conditional BER is computed by using
Eq. (20) for all possible combinations of G and modulation

Table 1 ag and bg.

levels, and then, the optimal combination which minimizes
the average conditional BER is found. For example, when
Nt = Nr = 2 and η = 4(bps/Hz), possible combinations of
G and modulation levels are (G; M0,M1) = (1;4,0), (2;3,1),
and (2;2,2), because Λ0(k) is always larger than Λ1(k) for
k = 0 ∼ Nc − 1. The average conditional BER is computed
for the above 3 combinations to find the optimal one.

4. Computer Simulation

4.1 Computer Simulation Condition

Computer simulation condition is summarized in Table 2.
The channel is assumed to be a 16-path frequency-selective
block Rayleigh fading having uniform power delay profile.
Uncorrelated fading and ideal channel estimation at both the
transmitter and receiver are also assumed.

4.2 Average BER Performance

Figure 4 shows the average BER performance of the pro-
posed SC-MIMO transmission with joint Tx/Rx MMSE fil-
tering (MMSE) and joint rank adaptation/adaptive modula-
tion for Nt = Nr = 4 and η = 16 (bps/Hz). For comparison,
the average BER performance of SC-MIMO transmission

Table 2 Computer simulation condition.

Fig. 4 Average BER performance.
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using Rx MMSE filtering and the conventional eigenmode
SC-MIMO transmissions with the minimum BER based
power allocation (Min. BER) [13], the water-filling power
allocation across eigenmode only (1D-WF) [14], and 2D-
WF power allocation, are also plotted. 16QAM modulation
is applied to Nt data streams when Rx MMSE filtering is
used. The system models of the conventional eigenmode
SC-MIMO transmissions with Min. BER, 1D-WF, and 2D-
WF can be regarded as the same as Fig. 1 except for the
power allocation in the “Tx MMSE filtering”. Since the “Rx
MMSE filtering” expressed as Eq. (7) considers the transmit
filtering, any kind of power allocation can be used. It can
be seen from Fig. 4 that the proposed SC-MIMO transmis-
sion with joint Tx/Rx MMSE filtering and joint rank adapta-
tion/adaptive modulation achieves better average BER per-
formance than SC-MIMO transmission using Rx MMSE
filtering. For example, the proposed SC-MIMO transmis-
sion with joint Tx/Rx MMSE filtering and joint rank adap-
tation/adaptive modulation can reduce the required transmit
Es/N0 to obtain the average BER = 10−3 about 10 dB com-
pared to the SC-MIMO transmission using Rx MMSE fil-
tering. This is because the proposed joint Tx/Rx filtering
avoids the IAI by transforming the MIMO channel to eigen-
modes and suppress the ISI by performing the MMSE power
allocation shown in Fig. 2. In addition, a joint use of rank
adaptation and adaptive modulation narrows the SINR gap
between eigenmodes. The detailed discussion is given be-
low.

The distribution of selected rank and modulation levels
is shown in Fig. 5. It can be seen from Fig. 5 the probabil-
ity that small G is selected and many bits are allocated to
the eigenmodes which have high eigenvalues is high when
average transmit Es/N0 is low. In the low average transmit
Es/N0 region, the overall BER is improved by allocating the
transmitted bits and applying high level modulation to the
eigenmodes which have high eigenvalues (i.e., decreasing
the rank G) because the received SINR of the eigenmode
which have high eigenvalues are especially improved due to
the high diversity gain. On the other hand, in the high aver-
age transmit Es/N0 region, the overall BER is improved by
allocating the transmitted bits and applying low level modu-
lation to multiple eigenmodes (i.e., increasing the rank G)
because almost all of the eigenmodes have high received
SINR.

Figure 4 shows that the proposed MMSE power allo-
cation achieves the best average BER performance among
MMSE, Min. BER, 1D-WF, 2D-WF. It is seen from Fig. 5
(a) that the rank G=3 is selected with a high probability
when the average transmit Es/N0 is equal or larger than 6 dB
using the proposed MMSE power allocation. This is be-
cause, as mentioned in Sect. 2.3, the proposed MMSE power
allocation especially improves the SINRs of the eigenmodes
which have low eigenvalues. Therefore, rank adaptation se-
lects G=3 to allocate the transmitted bits to multiple eigen-
modes and to apply low level modulations. Figures 5(b) and
(c) show that the rank G=3 is also selected with a high prob-
ability when the average transmit Es/N0 is equal or larger

Fig. 5 Distribution of selected rank and modulation levels.
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than 6 ∼ 8 dB using Min. BER and 1D-WF. However, they
cannot suppress the ISI sufficiently because they perform
equal power allocation across frequencies. As mentioned in
Sect. 2.3, the ISI is enhanced and the received SINRs of the
eigenmodes which have low eigenmodes especially degrade
using 2D-WF. Therefore, G=2 and 256QAM are selected
with a high probability when the average transmit Es/N0 is
around 6 dB as shown in Fig. 5(d). As a result, the proposed
MMSE power allocation achieves the best average BER per-
formance.

5. Conclusion

In this paper, we proposed joint Tx/Rx MMSE filtering for
SC-MIMO transmission. The proposed filtering avoids the
IAI by transforming the MIMO channel to eigenmodes and
at the same time, suppresses the ISI by performing MMSE
power allocation. In addition, joint use of rank adapta-
tion and adaptive modulation narrows the gap of received
SINR among eigenmodes. Computer simulation confirmed
that the proposed joint Tx/Rx MMSE filtering significantly
improves the average BER performance and achieves bet-
ter BER performance than the conventional eigenmode SC-
MIMO transmission.
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Appendix A: PAPR of Transmit Signal

PAPR of the transmit signal is defined as

PAPR =
max

{
|sn(t)|2

}
E
[|sn(t)|2] , (A· 1)

n = 0 ∼ Nt − 1, t = 0, 1/8, . . . ,Nc − 1. {sn(t); t = 0, 1/8, . . . ,
Nc − 1} is the time-domain transmit signal waveform ob-
tained by applying 8Nc-point IDFT to {S n(k); k = 0 ∼
Nc − 1}. The PAPR is measured generating 8 times over-
sampled transmit signal waveforms. To evaluate the im-
pact of Vt(k) to the PAPR of the transmit signal when
Nt = Nr = G = 2, we consider four 2 × 2 unitary matri-
ces as

VH
t (k)=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎣ 1 0

0 1

⎤⎥⎥⎥⎥⎥⎦ (identity matrix)

1√
2

⎡⎢⎢⎢⎢⎢⎣ 1 1

1 −1

⎤⎥⎥⎥⎥⎥⎦ (Walsh-Hadamard sequence)

1√
2

⎡⎢⎢⎢⎢⎢⎣ 1 1

−1 1

⎤⎥⎥⎥⎥⎥⎦ (Shapiro-Rudin sequence)

1√
2

⎡⎢⎢⎢⎢⎢⎣ 1 j

j 1

⎤⎥⎥⎥⎥⎥⎦ (complex-valued matrix)

(A· 2)

Figure A· 1 shows the complementary cumulative dis-
tribution function (CCDF) of the PAPR of SC-MIMO with
Tx MMSE filtering when Nc = 128, Es/N0 = 6 dB, and a 16-
path frequency-selective block Rayleigh fading having uni-
form power delay profile. 16QAM is applied to all eigen-
modes and the same Vt(k) is used among all frequencies.
For comparison, the CCDF of the PAPR of conventional
SC-MIMO without Tx MMSE filtering and that of OFDM-
MIMO are also shown in Fig. A· 1. It is seen from Fig. A· 1
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Fig. A· 1 CCDF of PAPR.

that the PAPR is increased by Tx MMSE filtering with any
of the above Vt(k). This is because the phase of each com-
ponent of the frequency-domain signal vector D(k) is rotated
by Ut(k) = Vh(k) in the transmit filter matrix Wt(k).

It is also seen from Fig. A· 1 that the choice of Vt(k)
does not affect the PAPR performance. The PAPR increase
caused by the phase rotation cannot be suppressed since the
same Vt(k) is used at all frequencies in this paper. How-
ever, the PAPR can be reduced by introducing the concept
of selected mapping [17] which has been proposed for PAPR
reduction and selecting appropriate Vt(k) at each frequency.
Introducing PAPR reduction technique is left as an interest-
ing future study.

Appendix B: Derivation of Eq. (14)

To derive Pg,opt(k); g = 0 ∼ G − 1, k = 0 ∼ Nc − 1, the
permutated index v = 0 ∼ GNc − 1 is introduced so that
Λ(0) ≥ . . .Λ(v) ≥ . . .Λ(GNc−1). The optimization problem
given by Eq. (13) can be rewritten as

Popt(v) = arg min
{P(v);v=0∼GNc−1}

GNc−1∑
v=0

1
γP(v)Λ(v) + 1

s.t.

⎧⎪⎪⎨⎪⎪⎩
∑GNc−1
v=0 P(v) = Nc

P(v) ≥ 0 for v = 0 ∼ GNc − 1.
(A· 3)

We assume that P(v) has u non-zero elements and (GNc − u)
zero elements (0 ≤ u ≤ GNc − 1), where u is determined so
that the objective function is minimized. Since the objective
function is a monotonically decreasing function of P(v) for
v = 0 ∼ GNc − 1, we have P(v) � 0 for v = 0 ∼ u − 1 and
P(v) = 0 for v = u ∼ GNc − 1. Eq. (A· 3) can be rewritten as

Popt(v) = arg min
{P(v);v=0∼GNc−1}

GNc−1∑
v=0

1
γP(v)Λ(v) + 1

s.t.

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
h1 =

∑u−1
v=0 P(v) − Nc = 0

h2 =
∑GNc−1
v=u P(v) − 0 = 0

f (P(v)) = −P(v) ≤ 0 for v = 0 ∼ GNc − 1.

(A· 4)

The optimization problem of Eq. (A· 4) can be solved
by using the Lagrange multiplier method. The Lagrangian
function L is expressed as [15]

L =
GNc−1∑
v=0

1
γP(v)Λ(v) + 1

+μh1+κh2+

GNc−1∑
v=0

Ψ(v) f (P(v)),

(A· 5)

where μ, κ, and Ψ(v); v = 0 ∼ GNc − 1, are the Lagrange
multipliers. The optimal solution Popt(v); v = 0 ∼ GNc − 1,
must satisfy the KKT condition, and therefore, we obtain⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂L
∂P(v)

∣∣∣∣
Popt(v)
= 0 for v = 0 ∼ GNc − 1∑u−1

v=0 Popt(v) − Nc = 0∑GNc−1
v=u Popt(v) − 0 = 0

−Popt(v) ≤ 0 for v = 0 ∼ GNc − 1

Ψ(v) ≥ 0 for v = 0 ∼ GNc − 1

Ψ(v)Popt(v) = 0 for v = 0 ∼ GNc − 1.

(A· 6)

Using Eqs. (A· 5) and (A· 6), we obtain

Popt(v) = max

⎧⎪⎪⎨⎪⎪⎩ 1√
μ

1√
γΛ(v)

− 1
γΛ(v)

, 0

⎫⎪⎪⎬⎪⎪⎭ , (A· 7)

where

1√
μ
=

Nc +
∑u−1
v=0

1
γΛ(v)∑u−1

v=0
1√
γΛ(v)

. (A· 8)

From Eq. (A· 7) and since v is the permutated index, Pg,opt(k)
can be derived as

Pg,opt(k) = max

⎧⎪⎪⎨⎪⎪⎩ 1√
μ

1√
γΛg(k)

− 1
γΛg(k)

, 0

⎫⎪⎪⎬⎪⎪⎭. (A· 9)

Appendix C: Derivation of Eq. (17)

The G × 1 frequency-domain soft-output vector D̂(k) given
by Eq. (3) can be rewritten by using Eq. (15) as

D̂(k) =

√
2Es

Ts
Ĥ(k)D(k) +Wr(k)Z(k). (A· 10)

Therefore, the gth frequency-domain soft-output signal
D̂g(k) is given as

D̂g(k) =

√
2Es

Ts
Ĥg(k)Dg(k) +

Nr−1∑
m=0

W (r)
g,m(k)Zm(k).

(A· 11)
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The gth time-domain soft-output signal d̂g(t); g = 0 ∼ G −
1, t = 0 ∼ Nc − 1, after Nc-point IDFT is expressed as

d̂g(t) =
1√
Nc

Nc−1∑
k=0

D̂g(k) exp ( j2πkt/Nc)

=

√
2Es

Ts
H̃gdg(t) + ξISI,g(t) + ξnoise,g(t), (A· 12)

where dg(t); g = 0 ∼ G − 1, t = 0 ∼ Nc − 1, is the tth
data-modulated symbol of the gth sequence expressed as

dg(t) =
1√
Nc

Nc−1∑
k=0

Dg(k) exp ( j2πkt/Nc). (A· 13)

ξISI,g(t) and ξnoise,g(t) are the residual ISI and equivalent
noise, respectively, of the gth eigenmode after joint Tx/Rx
MMSE filtering expressed as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξISI,g(t) =

√
2Es

Ts

1
Nc

∑Nc−1
k=0 Ĥg(k)

×∑Nc−1
τ=0
τ�t

dg(τ) exp
(

j2πk t−τ
Nc

)
ξnoise,g(t) = 1

Nc

∑Nc−1
k=0

∑Nr−1
m=0 W (r)

g,m(k)Zm(k)

× exp
(

j2πt k
Nc

)
. (A· 14)

Using Eq. (A· 14), the variance 2σ2
ISI,g of ξISI,g(t) is

given as

2σ2
ISI,g = E

[
|ξISI,g(t)|2

]
=

2Es

Ts

1
N2

c

Nc−1∑
k=0

Nc−1∑
k′=0

Ĥg(k)Ĥg(k
′)

×
Nc−1∑
τ=0
τ�t

Nc−1∑
τ′=0
τ′�t

E
[
dg(τ)d

∗
g(τ
′)
]

× exp

(
j2πk

t − τ
Nc

)
exp

(
j2πk

t − τ′
Nc

)
. (A· 15)

Since we assume E[dg(τ)d∗g(τ′)] = δ(τ − τ′), where δ(.) is
the delta function, we have

2σ2
ISI,g =

2Es

Ts

1
N2

c

Nc−1∑
k=0

Nc−1∑
k′=0

Ĥg(k)Ĥg(k
′)

×
Nc−1∑
τ=0
τ�t

exp

(
j2π(k − k′)

t − τ
Nc

)

=
2Es

Ts

1
N2

c

Nc−1∑
k=0

Nc−1∑
k′=0

Ĥg(k)Ĥg(k
′)

× (Ncδ(k − k′) − 1)

=
2Es

Ts

⎛⎜⎜⎜⎜⎜⎜⎝ 1
Nc

Nc−1∑
k=0

Ĥ2
g(k) − H̃2

g

⎞⎟⎟⎟⎟⎟⎟⎠ . (A· 16)

As same as the case of residual ISI, the variance
2σ2

noise,g of ξnoise,g(t) is given as

2σ2
noise,g = E

[
|ξnoise,g(t)|2

]
=

1
N2

c

Nc−1∑
k=0

Nc−1∑
k′=0

Nr−1∑
m=0

Nr−1∑
m′=0

W (r)
g,m(k)

(
W (r)
g,m(k)

)∗

× E
[
Zm(k)Z∗m′ (k

′)
]

exp

(
j2πt

k − k′

Nc

)
. (A· 17)

Since we assume E[Zm(k)Z∗m′ (k
′)] = (2NcN0/Ts)δ(m − m′),

we have

2σ2
noise,g =

2N0

Ts

1
N2

c

Nc−1∑
k=0

Nc−1∑
k′=0

Nr−1∑
m=0

W (r)
g,m(k)

(
W (r)
g,m(k)

)∗

× exp

(
j2πt

k − k′

Nc

)

=
2N0

Ts

1
N2

c

Nc−1∑
k=0

Nr−1∑
m=0

|W (r)
g,m(k)|2.

(A· 18)

From Eqs. (A· 12), (A· 16), and (A· 18), the received SINR
Γg of the gth eigenmode in the proposed joint Tx/Rx MMSE
filtering is given as

Γg =
H̃2
g

1
Nc
Σ

Nc−1
k=0 Ĥ2

g(k) − H̃2
g +

γ−1

Nc
Σ

Nc−1
k=0 Σ

Nr−1
m=0 |W (r)

g,m(k)|2
.

(A· 19)
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