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Excess-Bandwidth Transmit Filtering Based on Minimization of
Variance of Instantaneous Transmit Power for Low-PAPR SC-FDE

Amnart BOONKAJAY†a), Student Member, Tatsunori OBARA†, Tetsuya YAMAMOTO†, Members,
and Fumiyuki ADACHI†, Fellow

SUMMARY Square-root Nyquist transmit filtering is typically used in
single-carrier (SC) transmission. By changing the filter roll-off factor, the
bit-error rate (BER), peak-to-average power ratio (PAPR), and spectrum
efficiency (SE) changes, resulting in a tradeoff among these performance
indicators. In this paper, assuming SC with frequency-domain equalization
(SC-FDE), we design a new transmit filtering based on the minimum vari-
ance of instantaneous transmit power (VIP) criterion in order to reduce the
PAPR of the transmit signal of SC-FDE. Performance evaluation of SC-
FDE using the proposed transmit filtering is done by computer simulation,
and shows that the proposed transmit filtering contributes lower transmit
PAPR, while there exists only a small degradation in BER performance
compared to SC-FDE using square-root Nyquist filtering.
key words: single-carrier transmission, transmit filtering, peak-to-average
power ratio (PAPR)

1. Introduction

High-speed and high-quality are the main requirements for
the next-generation mobile network [1]. However, an ex-
istence of multipath propagation with several time delays
results in a frequency-selective fading channel, where the
transmission performance in terms of bit-error rate (BER)
degrades [2]. Orthogonal frequency division multiplexing
(OFDM) is introduced as a promising transmission tech-
nique which is robust against frequency selectivity, but its
high peak-to-average power ratio (PAPR) of transmit sig-
nal is the main drawback [3]. On the other hand, single-
carrier transmission with frequency-domain equalization
(SC-FDE) [4], [5] provides good performance under fading
environment with lower PAPR, and hence, its combination
with frequency division multi-access (FDMA), called SC-
FDMA, has been adopted as the uplink multiple access tech-
nique in LTE system.

SC signal can be optionally generated by insert-
ing discrete Fourier transform (DFT) into conventional
OFDM transmitter [6]. By employing such this approach,
frequency-domain signal processing, where transmit and re-
ceive filtering can be done as simple one-tap multiplication,
is approachable [7]. Additional signal manipulation, e.g.
frequency mapping, is able to be flexibly implemented.

Square-root raised cosine (SRRC) filter, one example
of a square-root Nyquist filter, is typically used as a transmit
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filtering in SC-FDE for limiting the transmission bandwidth
[8]. Roll-off factor is introduced as a parameter controlling
filter shape and extra transmission bandwidth. Effects on
system performance when changing roll-off factor of SRRC
as the transmit filter have been well described in [9]–[11]
in many points of view. With regard to PAPR [9], a cer-
tain value of roll-off factor provides very low PAPR. In as-
pect of BER [10], [11], the extra bandwidth yielded by the
roll-off factor provides additional diversity gain, resulting in
BER improvement. It is also obvious that increasing roll-off
factor degrades the spectrum efficiency (SE). As a conse-
quence, there exists a tradeoff among these performance in-
dicators when either filter shape or filter bandwidth changes.
In this paper, low-PAPR transmission is our main objective
rather than BER or SE.

There exist many studies which proposed PAPR re-
duction techniques based on transmit filtering and precod-
ing design. These techniques are preferable because of low
complexity and no major changes on transceiver. Some arti-
cles introduced new filter shapes which were constructed by
either improving an existing conventional filter or derived
from Nyquist prototype [12]–[16]. PAPR was examined for
various types of conventional transmit filtering in Ref. [17],
where OFDM transmission is considered. Meanwhile, the
above techniques cannot guarantee the lowest PAPR. It is
possible to determine a new transmit filtering providing
lower PAPR than the existing filtering approaches.

Many studies also stated that employing a minimiza-
tion algorithm on the definition of PAPR is far too com-
plicated. Recently, the variance of instantaneous transmit
power (VIP) was introduced as a parameter which corre-
sponds to PAPR [18], [19]. A transmit signal with high
VIP indicates its high variation of both signal amplitude
and instantaneous power, resulting in high peak, and vice
versa. Reference [18] also proposed a low-PAPR precoder
for OFDM transmitter based on a minimum VIP (min-VIP)
criterion. The algorithm proposed in Ref. [18] is also ap-
plicable with some modification to SC-FDE transmission.
Note that roll-off factor is not considered in Ref. [18]. In
Ref. [19], transmission with extra bandwidth (e.g. roll-off
factor) is introduced, but the proposed transmit precoder
does not adequately utilize the bandwidth expansion to im-
prove both PAPR and BER performance.

The above discussions motivate us to design a
frequency-domain-based transmit filtering technique pro-
viding the following contributions:
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• A new transmit filtering design is introduced based on
the min-VIP criterion. The PAPR performance of the
designed filtering is expected to be better than using
SRRC filtering, while there is no serious BER degra-
dation.
• Similar to SRRC filtering, transmission of extra band-

width controlled by roll-off factor is still achievable for
the proposed filtering. The effect of roll-off factor on
PAPR performance is also discussed.
• A benefit of excess-bandwidth transmission in terms of

BER improvement is realized by employing frequency-
domain spectrum copying at the transmitter and joint
FDE using minimum mean-square criterion (MMSE-
FDE) with spectrum combining [11]. By using this ap-
proach, additional frequency diversity gain can be ob-
tained.
• Performance evaluations of both SC-FDE using the

proposed filtering and SRRC filtering are done by
computer simulation, and are shown in terms of BER
and complementary cumulative distribution function
(CCDF) [20] of PAPR.

This paper is organized as follows. SC-FDE transmis-
sion system model is introduced in Sect. 2. The definition
of VIP corresponding to the transmitted signal is described
in Sect. 3. Section 4 presents the design of low-PAPR trans-
mit filtering based on min-VIP criterion. Section 5 shows
the performance evaluations. Finally, Sect. 6 concludes the
paper.

2. SC-FDE System Model

Figure 1 illustrates a single-user, single-antenna SC-FDE
transmission model considered in this paper, where the
transmission is assumed to be a block transmission of M
symbols over available Nc subcarriers (M ≤ Nc). We con-
sider the baseband filtering, which can be viewed as precod-
ing or power allocation in the frequency-domain [10], [11].

Fig. 1 SC transmission system model.

We want to design the spectrum shape within the predefined
mask (i.e., only the pre-assigned subcarriers are used).

In this paper, we consider the case of the roll-off fac-
tor α ≤ 1 since it is more practical especially when the
transmission bandwidth is limited. Therefore, the maximum
number of available subcarriers is Nc=2M. This also indi-
cates that all Nc=2M subcarriers are used when roll-off fac-
tor α=1. As the spectrum mask is narrowed, a lower value
of α needs to be used and hence, the number of subcarriers
to be used is reduced.

2.1 Transmitter

A transmission block consisting of M modulated symbols
is represented by a vector d = [d(0), d(1), . . . , d(M − 1)]T .
The block d is firstly transformed into frequency-domain
components, and then those frequency components are
copied to the entire Nc subcarriers (assuming Nc = 2M
for simplicity). Prior to this operation, a matrix EM is in-
troduced, which is a row-repeated version of M-point DFT
matrix with the dimension of Nc × M, that is

EM =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

fM( M
2 )
...

fM(M − 1)
fM(0)
...
...

fM(M − 1)
fM(0)
...

fM( M
2 − 1)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (1)

where fM(m) is a row vector from the m-th row of M-point
DFT matrix FM , which is expressed by

FM =
1√
M

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 · · · 1
1 e− j2π 1×1

M · · · e− j2π 1×(M−1)
M

...
...

. . .
...

1 e− j2π (M−1)×1
M · · · e− j2π (M−1)×(M−1)

M

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (2)

and its Hermitian transpose FH
M represents inverse operation.

Next, D = [D(0),D(1), . . . ,D(Nc − 1)]T is determined as a
frequency-domain signal vector, which is given by

D = EMd. (3)

Transmit filtering is introduced by a matrix HT . HT

is an Nc × Nc diagonal matrix which Nc central ele-
ments in the diagonal contain transmit filter coefficients{
HT (−Nc

2 ), . . . ,HT ( Nc

2 − 1)
}
. HT is expressed by

HT =diag
[
HT

(−Nc

2

)
, . . . ,HT

( Nc

2
− 1

)]
. (4)

In case of transmission using SRRC transmit filtering [7],
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Fig. 2 Transmit filtering algorithm with excess bandwidth (assuming
α=1).

the filter coefficients HT (k) can be determined by

HT (k)=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1, 0≤|k|< 1−α

2 M
cos( π

2αM (|k| − 1−α
2 M)), 1−α

2 M≤|k|< 1+α
2 M

0, otherwise
. (5)

Instead of SRRC transmit filter coefficients, the set
of coefficients

{
HT (−Nc

2 ), . . . ,HT ( Nc

2 − 1)
}

in Eq. (4) can be
changed to a set of filter coefficients of the proposed low-
PAPR transmit filtering. The method of obtaining those fil-
ter coefficients is discussed in more details in Sect. 4.

After that, the filtered signal is transformed back
into time domain by Nc-point inverse fast Fourier trans-
form (IFFT) matrix FH

Nc
. Time-domain signal s =

[s(0), s(1), . . . , s(Nc − 1)]T after passing through all pro-
cesses can be expressed as

s = FH
Nc

HT D = FH
Nc

HT EMd. (6)

Finally, the last Ng samples of transmit block are copied as a
cyclic prefix (CP) and inserted into the guard interval (GI),
then a CP-inserted signal block of Ng + Nc samples is trans-
mitted.

The transmit filtering algorithm, with particular roll-off
factor α, is illustrated by Fig. 2. It can be seen that HT (k) is
applied to D(k) as one-tap multiplication.

2.2 Receiver

The transmission is conducted under L-path independent
block Rayleigh fading channel [2]. Channel response is
given by

h(τ) =
L−1∑
l=0

hlδ(τ − τl), (7)

where hl and τl are complex-valued path gain and time
delay of the l-th path, respectively. δ(·) is the delta
function. The received signal after CP removal, r =
[r(0), r(1), . . . , r(Nc − 1)]T , is

r =

√
2Es

Ts
hs + n, (8)

where Es and Ts are symbol energy and symbol duration,

respectively. s is obtained from (6), and n is noise vec-
tor in which element is zero-mean additive white Gaussian
noise (AWGN) having the variance 2N0/Ts with N0 being
the one-sided noise power spectrum density. In addition,
channel response matrix h is a circular matrix representing
time-domain channel impulse response, which is

h =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

h0 hL−1 · · · h1

h1
. . .

. . .
...

... h0 0 hL−1

hL−1 h1
. . .

. . .
...

. . .

0 hL−1 · · · · · · h0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (9)

The received signal is transformed into frequency do-
main by Nc-point FFT, obtaining the frequency-domain re-
ceived signal R as

R=
√

2Es

Ts
FNc hs + FNc n

=

√
2Es

Ts
FNc hFH

Nc
HT D + FNc n

=

√
2Es

Ts
HcHT D + N

, (10)

where the frequency-domain channel response Hc is

FNc hFH
Nc
= diag [Hc(0), . . . ,Hc(Nc − 1)] ≡ Hc. (11)

Joint MMSE-FDE with spectrum combining is later em-
ployed in order to mitigate the effect of fading channel and
recover the original M frequency-domain components with
additional frequency diversity gain. In this paper, an M×Nc

matrix W represents this operation and W is expressed by
Eq. (12), where W(k), k = 0 ∼ Nc − 1 is determined so as
to minimize the mean-square error (MSE) between D and
the frequency-domain signal after equalization D̂=WR by
referencing Ref. [11], and given by

W(k)=
Ĥ∗(k)

1∑
g=0

∣∣∣Ĥ (k mod M + gM)
∣∣∣2 +

(
Es

N0

)−1
, (13)

where Ĥ(k) = Hc(k)HT (k) and Hc(k) is the elements in Hc

with respect to each frequency index. In Ref. [11], the re-
ceiver employs the SRRC filter (i.e. matched filter) as the
receive filter, which is followed by the MMSE filter. In this
paper, however, the MMSE-FDE is designed to include the
receive filter function. This is the reason why the numerator
of Eq. (13) becomes H∗c (k)H∗T (k).

The frequency-domain received signal after equaliza-
tion and spectrum combining D̂ is finally transformed back
into time-domain received signal before demodulation d̂ =
[d̂(0), d̂(1), . . . , d̂(M − 1)]T as

d̂=FH
MD̂=FH

MWR. (14)

In addition, spectrum combining is simply depicted by
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W=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

W( Nc

4 ) W( 3Nc

4 )

0
. . .

. . .

W( Nc

2 − 1) W(Nc − 1)
W(0) W( Nc

2 )
. . .

. . . 0
W( Nc

4 − 1) W( 3Nc

4 − 1)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(12)

Fig. 3 Spectrum combining.

Fig. 3. It can be seen both from Eq. (12) and the figure that
spectrum combining should be done corresponding to the
copying at the transmitter, otherwise the frequency diversity
is not achieved.

3. VIP Definition

It is previously mentioned that either a closed-form defini-
tion or other matrics relating to PAPR should be available
for determining a low-PAPR transmit filtering. In this pa-
per, Refs. [17], [18] are used as a guideline for the definition
of VIP for SC-FDE. Then, the derived VIP is used for de-
signing the low-PAPR transmit filtering in the next section.

The method of VIP determination begins from the
time-domain transmit signal vector s whose each component
is represented by s(n), n = 0 ∼ Nc − 1, as shown in Eq. (6).
An overall transmit operation matrix X = FH

Nc
HT EM is also

defined to simplify the derivation. Then, Eq. (6) is rewritten
as s = Xd, where each element s(n) is given by

s(n)=
M−1∑
m=0

xnmd(m). (15)

Here, xnm represents an element in X at the n-th row and
m-th column.

By the definition, instantaneous transmit power of each
sample is |s(n)|2. The VIP of a particular transmission block,
represented by σ2, is then given by

σ2=
1

Nc

Nc−1∑
n=0

E
[∣∣∣|s(n)|2 − E[|s(n)|2]

∣∣∣2] . (16)

Note that E[·] represents an ensemble averaging. It can
be observed that E[|s(n)|2] is indeed an averaged transmit
power over a block (hereinafter represented by Pavg). With
some simple manipulations, Eq. (16) is rewritten as

σ2=
1

Nc

Nc−1∑
n=0

E[|s(n)|4] − P2
avg. (17)

Assuming that all transmission blocks are independent, sub-
stituting Eq. (15) into Eq. (17) yields the VIP

σ2=
1

Nc

Nc−1∑
n=0

⎡⎢⎢⎢⎢⎢⎢⎢⎣2
⎡⎢⎢⎢⎢⎢⎢⎣

M−1∑
m=0

|xnm|2
⎤⎥⎥⎥⎥⎥⎥⎦

2

−(2−κ)
M−1∑
m=0

|xnm|4
⎤⎥⎥⎥⎥⎥⎥⎥⎦−P2

avg.

(18)

Note that the derivation of Eq. (18) is in Appendix-A. The
term κ = E[|d(m)|4] in Eq. (18) indicates that the VIP, and
further the PAPR, depends on modulation type. We as-
sume that {d(m)} are independent and identically distributed
(i.i.d.) for simplicity. In case of constant-amplitude modu-
lation, κ=1.

It can be also observed that the derived VIP σ2 given
by Eq. (18) is similar to one in Refs. [17], [18] even though
they are operated in different transmission schemes. This is
because they both are derived from the overall transmit po-
eration matrix X. However, the structure of X, including the
value of xnm, of each transmission scheme is not the same.

4. Design of Low-PAPR Transmit Filtering

In this section, the derived VIP in the previous section is
used as a criterion for determining a low-PAPR transmit fil-
tering for SC-FDE.

4.1 Problem Formulation

We are also interested in other optimization techniques, es-
pecially non-iterative optimization since it requires lower
computational complexity. However, the optimization prob-
lem needs to be relaxed as much as possible since it involves
with many variables as understood from Eq. (18). In this pa-
per, we alternatively focus on iterative optimization, where
the simplification of Eq. (18) is not required. Firstly, an
Nc × M transmit precoder P is introduced as

P=HT EM . (19)
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arg min
{HT (k)}

σ2=
1

Nc

Nc−1∑
n=0

⎡⎢⎢⎢⎢⎢⎢⎢⎣2
⎡⎢⎢⎢⎢⎢⎢⎣

M−1∑
m=0

|xnm|2
⎤⎥⎥⎥⎥⎥⎥⎦

2

− (2 − κ)
M−1∑
m=0

|xnm|4
⎤⎥⎥⎥⎥⎥⎥⎥⎦ − P2

avg

s.t.
1
M

Nc−1∑
k=0

|HT (k)|2=1, and HT (k) ≥ 0∀k

(20)

By using Eq. (19), complexity of min-VIP problem solu-
tion is possibly reduced since the problem is determined in
precoder-level.

The min-VIP problem is formulated as Eq. (20). The
minimization problem in Eq. (20) is similar to one in
Ref. [18]. However, it is observed from Refs. [18], [19] that
an optimal set of transmit filter coefficients is real and pos-
itive even though only transmit power constraint is em-
ployed. Note that the minimization of VIP problem in
Ref. [18] considers OFDM transmission without roll-off fac-
tor, while Ref. [19] considers SC-FDE transmission with
bandwidth expansion, where the starting point of gradient
search algorithm is ideal rectangular filter and the excess
bandwidth is not utilized (therefore, an additional for ob-
taining frequency diversity is not obtained).

Meanwhile, it is discussed in Ref. [19] that the min-
imization of VIP always converges to one solution if the
frequency-domain filter coefficients are kept positive. Even
though it is not explained in Refs. [18], [19] how the con-
straint of non-negative filter coefficients affects PAPR per-
formance and that the constraint of non-negative is not
mandatory, we have tried to employ the constraint that the
transmit filter coefficients should be greater than or equal
to zero in the minimization problem in order to confirm a
unique solution, especially when the starting point of gradi-
ent search in our paper is different from Refs. [18], [19] (i.e.
Refs. [18], [19] use ideal rectangular filter as a starting point
while our paper uses the SRRC filter as a starting point).
Note that the method of selecting the starting point is dis-
cussed in details in Sect. 4.2.

Equation (20) can be rewritten by referencing Eq. (19)
as

arg min
P
σ2=

1
Nc

Nc−1∑
n=0

⎡⎢⎢⎢⎢⎢⎢⎢⎣2
⎡⎢⎢⎢⎢⎢⎢⎣
M−1∑
m=0

|xnm|2
⎤⎥⎥⎥⎥⎥⎥⎦

2

−(2−κ)
M−1∑
m=0

|xnm|4
⎤⎥⎥⎥⎥⎥⎥⎥⎦−P2

avg.

(21)

The following transmit power constraint is introduced:

1
M

Nc−1∑
k=0

|HT (k)|2 = 1. (22)

If the precoder in Eq. (19) is considered, the transmit power

constraint in Eq. (22) is rewritten as
∣∣∣pm

∣∣∣2 = 1, where pm is
an m-th column vector of P.

4.2 Solving the Min-VIP Problem

The minimization problem in Eq. (20) or Eq. (21) are non-
convex, and hence direct solving may be too difficult. Alter-
natively, the problems can be solved by numerical methods;
gradient search algorithm [21] is an example among them.

We select Eq. (21) as the min-VIP problem to be solved
in this section. Prior to problem solving, gradient function
should exist. The gradient function with respect to pm is
determined by

∇pm
σ2 = ∇pm,realσ

2 + j∇pm,imgσ
2. (23)

The reason of using gradient of pm instead of either P or HT

is the transmit power constraint (as shown in Eq. (22)) can
be simply controlled as a vector normalization. Substituting
Eq. (18) in Eq. (23) yields

∇pm
σ2 =

4
Nc

Nc−1∑
n=0

⎡⎢⎢⎢⎢⎢⎢⎢⎣2
⎛⎜⎜⎜⎜⎜⎜⎜⎝
⎡⎢⎢⎢⎢⎢⎢⎣

M−1∑
l=0

|xnl|2
⎤⎥⎥⎥⎥⎥⎥⎦

2⎞⎟⎟⎟⎟⎟⎟⎟⎠ − (2 − κ)(|xnm|2)

⎤⎥⎥⎥⎥⎥⎥⎥⎦ (xnmeH
n ),

(24)

where

en =
1

Nc

[
e( j2π

( Nc−J
2 )(n)

Nc
), . . . , e( j2π(

Nc+J
2 −1)(n)

Nc
)

]
. (25)

The derivation of Eq. (24) is shown in Appendix-B.
Gradient search is employed iteratively for each col-

umn in P, i.e. pm,m = 0, . . . ,M−1. The searching algorithm
at the t-th iteration is expressed by

p̃m[t + 1] = pm[t] − γ∇pm[t]σ
2, (26)

where γ represents the step-size parameter. Then p̃m[t + 1]
is normalized as

pm[t + 1] =
p̃m[t + 1]∣∣∣p̃m[t + 1]

∣∣∣ . (27)

One important thing for iterative gradient search is the
starting point, i.e. pm[0]. The search algorithm with a good
starting point requires a smaller number of iterations. In
Ref. [18], a corresponding column of DFT matrix is selected
as a starting point, which refers to original SC-FDE. How-
ever, the filter coefficients are obtained before transmission
by solving the minimization problem using a gradient search
algorithm and the same filter coefficients are used for all suc-
ceeding block transmissions. Therefore, there is no need to



678
IEICE TRANS. COMMUN., VOL.E98–B, NO.4 APRIL 2015

concern about the number of iterations.
Our goal is to find the transmit filtering which pro-

vides a low PAPR than conventional filtering. The SRRC
filter coefficients are selected as the starting point; i.e., P =
HT,SRRCEM where HT,SRRC represents SRRC filtering ma-
trix. By referencing to Refs. [11]–[17], the SRRC transmit
filtering provides a very-low PAPR compared to other con-
ventional filters. If another conventional filtering is used as
the starting point, the result from gradient search algorithm
may not guarantee for achieving lower PAPR than SRRC
filtering.

4.3 Obtaining Transmit Filter Coefficients

An optimum precoder Popt is determined after particular
iterations of Eqs. (26) and (27). An inverse operation of
Eq. (19) is employed in order to obtain an optimum trans-
mit filtering matrix HT,opt, where optimum filter coefficients
are contained inside. That is

HT,opt = PoptE+M , (28)

where E+M represents Moore-Penrose pseudoinverse of EM

[22]. Note that the filter coefficients obtained from Eq. (28)
can be used in all block transmissions since κ can be statis-
tically determined as the same value for each transmission
symbol, but still depends on the modulation type.

5. Performance Evaluation

Numerical and simulation parameters are summarized in Ta-
ble 1. We assume quadrature phase-shift keying (QPSK)
or 16-quadrature amplitude modulation (16-QAM) block
transmissions with the number of available subcarriers
Nc=512. Channel coding is not considered. The propaga-
tion channel is assumed to be a frequency-selective block
Rayleigh fading channel having a symbol-spaced L=16-path
uniform power delay profile. Note that the parameters for
gradient search algorithms (i.e. the number of iterations and
step-size parameter) are determined so as to guarantee the
convergence. The step-size parameter γ=1.0 and the num-
ber of iterations equals 100 are used (see Appendix-C). The
guard interval for the cyclic-prefix insertion can be utilized
as the symbol timing recovery and the frequency offset esti-
mation in SC-FDE. Here, ideal symbol timing recovery and
no frequency offset are assumed in this paper.

5.1 Filter Impulse Response and Transfer Function

Filter impulse responses and transfer functions of both
SRRC and the low-PAPR filters are discussed in this sub-
section. Figure 4 shows the frequency-domain transfer func-
tions of SRRC filter and the low-PAPR filter for QPSK and
16-QAM modulation schemes. As mentioned in the previ-
ous section, different filter shpes are obtained for different
modulation schemes due to the effect of κ. Roll-off factor
(α) is also considered.

Table 1 Simulation parameters.

Transmitter

Modulation QPSK, 16QAM
No. of symbols

M = 256per block
FFT/IFFT block size Nc = 512
Cyclic prefix length Ng = 16

Transmit filtering
Filter type SRRC, Low-PAPR

Roll-off factor α = 0 ∼ 1
Optimization step-size γ = 1.0

parameter No. of iterations 100

Channel
Fading type

Frequency-selective
block Rayleigh

Power delay profile
symbol-spaced

16-path uniform

Receiver
Equalizer

Joint MMSE-FDE w/
spectrum combining

Channel estimation Ideal

Fig. 4 Filter transfer functions.

It can be observed from the figure that the shapes of
low-PAPR filter obtained from Eq. (20) are a bit changed
from SRRC filter shapes, especially when α≥0.5. At the
place that α≥0.75 in low-PAPR filter for QPSK modula-
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Fig. 5 Filter impulse responses.

tion (α≥0.5 for 16-QAM), there exist small lobes beside
the main part of filters. To examine how these filter shapes
can reduce the PAPR, time-domain filter impulse response
should be available.

Figure 5 provides the time-domain filter impulse re-
sponses corresponding to the transfer functions shown in
Fig. 4. The figures show comparison of various impulse re-
sponses of different filters at the same roll-off factor α=0,
0.5, and 1. SRRC filter itself does not satisfy the Nyquist
criterion, but a concatenation of SRRC at a transmitter and
that at a receiver (which is equivalent to raised cosine filter)
meets the Nyquist criterion. Therefore, the zero-crossing
sampling timing is different when roll-off factor changes. It
can be observed from the figures that the low-PAPR pro-
posed filter, both for QPSK and 16-QAM, has lower side-
lobe amplitude than SRRC filter. The reducion of sidelobe
amplitude can be claimed as a reason of PAPR reduction of

the proposed filter. Note that the effect of sidelobe of filter
impulse response on PAPR is well described in Ref. [17],
which confirms our results. We can also observe that peaks
of the pulses are also reduced in the proposed filters.

It is observed from Figs. 4(b) and 4(c) that there ex-
ists spectrum increase at both edges, which is clearly visible
when roll-off factor increases. We would like to describe
this phenomenon by firstly showing how the gradient search
algorithm affects the filter for the given number of itera-
tions. Filter transfer functions and corresponding impulse
responses of low-PAPR filter with α=1 for 16-QAM modu-
lation at the i-th iteration (i=0, 50, 100) are shown in Fig. 6,
for describing how the iterative gradient search algorithm in
Sect. 4 affects filter transfer function and impulse response.
Here, we assume M=128, Nc=256, and oversampling factor
V=8.

By referencing [17], [19], peak power reduction of
transmit signal is due to the following reasons: sidelobe am-
plitude reduction, sidelobe misalignment, and pulse widen-
ing for reducing a peak occuring from pulse overlapping.
Note that the terminology “sidelobe misalignment” is pre-
viously used in Ref. [19], and refers to an irregular align-
ment where zero-crossing of filter impulse response is not
located at the sampling period (i.e. nt/T where n is integer
and T is sampling period). Figure 6(b) confirms that the
three abovementioned reasons of peak power reduction are
gradually obvious when the number of iterations increases.
It is also observed that the filter transfer function is “com-
pressed” from the both sides of frequency spectrum when
the number of iterations increases in order to obtain the cor-
responding impulse response in Fig. 6(b).

However, when the gradient search algorithm attemps
to compress the frequency spectrum from the both sides,
it leads to two possible alterations on filter transfer func-
tion, which corresponds to each other. One is an increasing
around the center of transfer function, which occurs in ev-
ery roll-off factors and modulation schemes (see Fig. 4(b)
and 4(c)). Another one is alteration at the edges of filter
transfer function. Figure 6(a) shows that the filter coeffi-
cients at the edges of transfer function gradually increase
when the number of iterations increases. This is because the
filter coefficients with low value at the edges of filter trans-
fer function are pushed to negative region (i.e. HT,opt<0 ),
however, this region is converted to positive values instead
due to the constraint of non-negative frequency-domain fil-
ter coefficients in Eq. (20). In addition, it is also observed
that this phenomenon does not occur when α is low because
the filter coefficients at the edges are relatively high com-
pared to the filter with large α, hence the coefficients remain
non-negative even though the transfer function is gradually
compressed during the gradient search algorithm.

The occurrence of compressing the filter coefficients to
negative region may imply that the constraint HT (k) ≥ 0,∀k
should be relaxed. But it is confirmed by computer sim-
ulation that the low-PAPR filter with negative frequency-
domain filter coefficients provides a slightly higher PAPR
compared to the one with non-negative frequency-domain
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Fig. 6 Filter transfer functions and corresponding impulse responses at
particuar iterations.

filter coefficients due to an increasing of sidelobe magni-
tude, even though the same BER can be achieved.

We have evaluated the PAPR performance when us-
ing the transmit filter coefficients obtained from the gradient
search algorithm with and without the constraint condition
HT (k)≥0. Figure 7 shows the simulation result of transmit
PAPR using the proposed filtering with the roll-off factor
α=1 and 16-QAM. It is show that the use of the transmit fil-
ter coefficients obtained from the gradient search algorithm
with constraint HT (k)≥0 provides 0.2 dB lower PAPR than
the one without constraint. The difference among PAPR
performances with different values of α has also been dis-
cussed by examining the time-domain impulse responses of
the resulting transmit filter coefficients. It is seen Fig. 6(c)

Fig. 7 PAPR the low-PAPR proposed filter with and without non-
negative constraint (assuming α=1).

(which is a zoom-in version of Fig. 6(b)) that the transmit
impulse response obtained from the gradient search without
constraint HT (k)≥0 has a slight higher sidelobe compared to
the one obtained from the gradient search with constraint.
Even though this performance gap is very small (0.2 dB =
4.7% difference), the reason of this gap has been discussed
as follows.

As discussed in Sect. 4.1, the gradient search algorithm
reaches the same local minima as long as HT (k)≥0. How-
ever, a gradient search algorithm which allows the negative
transmit filter coefficients may lead to another local minima
even if the same starting point, the same step-size parame-
ter, and the same iterations are employed. It is confirmed
by computer simulation assuming a block transmission con-
sisting of 256 16-QAM-modulated symbols that a gradient
search algorithm which allows the negative transmit filter
coefficients reaches the same local minima as a gradient
search algorithm with constraint HT (k)≥0 at the 200th itera-
tion with step-size γ=0.5 when α=1. Note that the gradient
search algorithm with constraint HT (k)≥0 is conducted with
the number of iterations = 100 and step-size γ=1.0 for every
roll-off factor.

5.2 PAPR Performance

In this paper, PAPR calculation over a block of transmission
is defined as

PAPR =
max[|s(n)|2], n = 0, 1

V ,
2
V , . . . ,Nc − 1

E[|s(n)|2]
, (29)

where V represents oversampling factor (we consider V=8
in this paper). PAPR is evaluated by examining the CCDF.

Figure 8 shows the CCDF of PAPR of a comparison
between transmissions using the low-PAPR proposed filter-
ing and SRRC filtering, for both QPSK and 16-QAM mod-
ulation schemes. Roll-off factor α is also applicable. It is
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Fig. 8 CCDF of PAPR.

obviously seen from the figure that the PAPR of transmis-
sion using the proposed transmit filtering is lower than using
SRRC filtering in every α.

At the place where probability of occurrence equals
0.1% (PAPR0.1%), approximately 0.3 dB (0.2 dB) reduction
of PAPR is obtained when α=0 for QPSK (16-QAM) mod-
ulation, while about 1.3 dB (1.0 dB) reduction is achiev-
able when α=0.75. We also would like to mention that the
min-VIP problem in Eq. (20) is non-convex, and hence pro-
vides many points of local minima. Even though the gradi-
ent search algorithm in Eq. (26) cannot guarantee the global
minimum, we can still achieve such a satisfactory PAPR re-
sult.

As it can be observed in both transmission schemes that
the lowest PAPR is achieved at a particular α, we also eval-
uate the PAPR performance as a function of roll-off factor

Fig. 9 PAPR1% as a function of roll-off factor.

α. Figure 9 shows the PAPR at a probability of occurrence
of 1% (PAPR1%) of each transmission scheme as a function
of α. From the figure, the lowest PAPR1% of transmission
using SRRC filtering is obtained when α is approximately
0.4 for both modulation schemes. The lowest PAPR1% of
the transmission using the proposed low-PAPR transmit fil-
tering is achieved when α is about 0.75 for QPSK and 0.65
for 16-QAM. We can also observe that the proposed filter-
ing gives better PAPR improvement when α is higher than
0.4.

5.3 BER Performance

BER performance of SC-FDE transmission using each
transmit filtering is shown in Fig. 10 as a function of aver-
age received energy-to-noise power spectrum density ratio
Eb/N0 = (1/Nmod)(Es/N0)(1+Ng/Nc) where Nmod represents
modulation level (2 for QPSK and 4 for 16-QAM). Perfor-
mance evaluation is done for roll-off factor α=0, 0.5, and
1. As α increases, the BER performance improves due to
higher frequency diversity gain resulting from joint MMSE-



682
IEICE TRANS. COMMUN., VOL.E98–B, NO.4 APRIL 2015

Fig. 10 BER performance.

FDE and spectrum combining.
There exists the similarity between the BER perfor-

mances of QPSK and 16-QAM modulations. When α=0
and 0.5, the BER performance with the SRRC filtering and
that with the proposed filtering are almost the same. When
α=1, the BER performance with the proposed filtering is
only slightly worse (less than 0.4 dB) than that with the
SRRC filtering. A possible reason behind the above result is
discussed in Appendix-D.

It is a fact that the proposed transmit filter does not
satisfy the Nyquist criterion. However, a concatenation of
transmit filter and the FDE at the receiver acts based on the
MMSE criterion to satisfy the Nyquist criterion. The simu-
lation results confirm that the BER performances at roll-off
factor α=0 and 0.5 are almost the same and are only slightly
degraded from the case of SRRC when α=1.

Finally, we also provide a performance tradeoff curve
between PAPR0.1% and the required Eb/N0 for achieving

Fig. 11 Performance tradeoff.

BER=10−3, as shown in Fig. 11. It can be observed for both
QPSK and 16-QAM modulation schemes that SC-FDE us-
ing the proposed low-PAPR transmit filtering provides bet-
ter PAPR where the required transmit power for achieving
particular BER is not changed, as the performance tradeoff
curve shifts to the left.

6. Conclusion

A new low-PAPR transmit filtering based on min-VIP cri-
terion for SC-FDE was designed in this paper. The pro-
posed transmit filtering can achieve excess-bandwidth trans-
mission by changing the roll-off factor. A combination
of the proposed filtering and joint MMSE-FDE and spec-
trum combining provides additional frequency diversity
gain through the excess-bandwidth in a frequency-selective
channel. Simulation results confirmed that the proposed
low-PAPR transmit filtering gives lower PAPR with only a
slight BER performance degradation compared to the SRRC
filtering.
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Appendix A: Derivarion of VIP Formula in Eq. (18)

The derivation begins from Eq. (17) as

σ2=
1

Nc

Nc−1∑
n=0

E[|s(n)|4] − P2
avg. (A· 1)

Then, substitute Eq. (15) into Eq. (A·1) yields

σ2=
1

Nc

Nc−1∑
n=0
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∣∣∣∣∣∣∣
M−1∑
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∣∣∣∣∣∣∣
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avg

⎞⎟⎟⎟⎟⎟⎟⎟⎠ . (A· 2)

By considering all of the transmit symbols d(m) are inde-
pendent, distributing the fourth-order term yields

σ2 =
1

Nc

Nc−1∑
n=0
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=
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⎞⎟⎟⎟⎟⎟⎟⎠ (A· 3)

Here, E[|d(m)|2]=1 for both QPSK and 16-QAM mod-
ulation, but E[|d(m)|4]�1 for 16-QAM. Substituting
E[|d(m)|2]=1 into Eq. (A· 3) and eliminating the ensemble
average terms yields

σ2 =
1

Nc

Nc−1∑
n=0

⎛⎜⎜⎜⎜⎜⎜⎝E
[
|d(m)|4
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After rearranging some terms, we obtain

σ2=
1

Nc

Nc−1∑
n=0
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where κ=E[|d(m)|4]. Note that in case of QPSK, Eq. (A· 5)
is simplified as

σ2=
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Appendix B: Derivation of Gradient Function of VIP

The derivation begins from Eq. (22) as
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Fig. A· 1 Convergence of gradient search algorithm after 100 iterations.

∇pm
σ2 = ∇pm,realσ

2 + j∇pm ,imgσ
2. (A· 7)

Using Eq. (18) and applying the partial derivative, Eq. (A· 7)
is rewritten as

∇pm
σ2 =
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We can observe that xnm is a dot product of the n-th col-
umn vector of FH

Nc
, representing by en, and pm. Therefore,

Eq. (A· 8) can be rearranged as follows.
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2⎞⎟⎟⎟⎟⎟⎟⎟⎠ − (2 − κ)(|xnm|2)

⎤⎥⎥⎥⎥⎥⎥⎥⎦ (xnmeH
n )

(A· 9)

where en is already defined in Eq. (25).

Appendix C: Convergence Analysis of Gradient Sea-
rch Algorithm

To examine the convergence, the PAPR0.1% is plotted as the
number of iterations in Fig. A· 1. The step-size γ=1.0 was
used following Ref. [18]. It can be seen from Fig. A· 1 that
when α=0.5, 0.75, and 1, the PAPR reduction can be con-
verged before 100 iterations while more iterations are nec-
essary to converge when α=0 and 0.25. Hpwever, since the
PAPR can be only slightly reduced when α=0 and 0.25, the

Fig. A· 2 Frequency-domain equivalent channel response of transmis-
sion using SRRC and the proposed filtering.

iterative gradient search algorithm was designed to stop at
the 100th iteration.

Appendix D: Equivalent Channel Response After Joint
MMSE-FDE and Spectrum Combining

The equivalent channel response [23], [24] is introduced.
From Eqs. (10) and (14), the equivalent channel Ĥ =

diag
[
Ĥ(0), Ĥ(1), . . . , Ĥ(M − 1)

]
is given by

Ĥ =WHcHT . (A· 10)

where Hc and its k-th diagonal element, Hc(k), are defined in
Eq. (11). Substituting Eq. (A· 10) into Eq. (14), the received
signal before demodulation d̂(m), associated with the m-th
transmitted symbol, can be expressed as

d̂(m) =

√
2Es

Ts

⎛⎜⎜⎜⎜⎜⎜⎝ 1
M

M−1∑
k=0

Ĥ(k)

⎞⎟⎟⎟⎟⎟⎟⎠ d(m)



BOONKAJAY et al.: EXCESS-BANDWIDTH TRANSMIT FILTERING BASED ON MINIMIZATION OF VIP FOR LOW-PAPR SC-FDE
685

+

√
2Es

Ts

⎛⎜⎜⎜⎜⎜⎜⎝ 1
M

M−1∑
k=0

Ĥ(k)
M−1∑
τ=0,τ�t

d(τ)exp
(

j2πk
t − τ

M

)⎞⎟⎟⎟⎟⎟⎟⎠

+
1
M

M−1∑
k=0

N̂(k)exp
(

j2πk
t

M

)
(A· 11)

where N̂(k) is the noise after MMSE-FDE and spectrum
combining. According to Ref. [24], the conditional instanta-
neous signal-to-interference plus noise power ratio (SINR)
for the given average received Es/N0 and channel Hc is
given by

γ

(
Es

N0
,Hc

)

=

2Es

N0

∣∣∣ 1
M

∑M−1
k=0 Ĥ(k)

∣∣∣2(
1
M

∑Nc−1
k=0 |W(k)|2+ Es

N0

(
1
M

∑M−1
k=0

∣∣∣Ĥ(k)
∣∣∣2−∣∣∣ 1

M

∑M−1
k=0 Ĥ(k)

∣∣∣2))
(A· 12)

The second term of the denominator of Eq. (A· 12) is the
variance of Ĥ(k) and represents the residual inter-symbol
interference (ISI) power. The BER is a monotonically de-
creasing function of the conditional SINR [24]. This means
that the equivalent channel response should be made flat as
much as possible.

We have examined the one-shot observation the equiv-
alent channel responses of SC-QPSK transmission using
SRRC transmit filtering and that using the proposed fil-
tering for various values of α when the average received
Eb/N0=10 dB. A one-shot observation of the equivalent
channel response assuming M=128 and QPSK modulation
is provided in Fig. A· 2. From Fig. A· 2, it can be observed
that when α=0 and 0.5, the equivalent channel response
with the SRRC transmit filtering and that with the proposed
transmit filtering are almost the same. Therefore, two filter-
ing techniques provide almost the same conditional SINR,
thereby providing almost the same BER performance. How-
ever, when α=1, the proposed transmit filtering is seen to
have slightly higher variations in the equivalent channel re-
sponse than the SRRC filtering; therefore, the proposed
filtering provides slightly lower conditional SINR, thereby
providing a worse BER performance.
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