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Abstract: Spatial diversity is still remaining as a powerful means to

improve the transmission performance in a multipath fading environ-

ment. Various spatial diversity schemes have been proposed such as

maximal-ratio transmit and combining (MRTC), selective MRTC, and

space-time block coded transmit diversity (STBC-TD). In this paper,

we derive a closed form expression for the received signal-to-noise ratio

(SNR) achievable with MRTC for the case of base station (BS) hav-

ing an arbitrary number of antennas and user-equipment (UE) having

2 antennas. Using the derived signal-to-noise power ratio (SNR) ex-

pression, the average bit error rate (BER) performance of quaternary

phase shift keying (QPSK) transmission in a Rayleigh fading environ-

ment is numerically evaluated. It is shown that MRTC provides the

BER performance superior to STBC-TD and selective MRTC.
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1 Introduction

Spatial diversity significantly improves the transmission performance in a

multipath fading environment. High frequency bands like millimeter wave

will be used due to scarcity of available frequency bandwidth. So far, vari-

ous diversity schemes have been proposed, such as maximal-ratio combining

(MRC) [1], selection combining (SC) [1], and maximal-ratio transmission

(MRT) [2], and maximal-ratio transmit and combining (MRTC) [3], [4]. The

authors proposed space-time block-coded transmit diversity (STBC-TD) [5]

which employs MRT and MRC at base station (BS) for downlink and up-

link, respectively, and recently proposed selective multi-input multi-output

(MIMO) diversity which selects the best UE antenna for MRT and MRC at

BS for downlink and uplink, respectively [6] (called selective MRTC in this

paper). It should be noted that, for the single-carrier uplink transmission,

MRC needs to be replaced by the minimum mean square error combining

(MMSEC) [7] since MRC emphasizes the inter-symbol interference (ISI).

BS has a sufficient space to be equipped with a large number of anten-

nas, while user equipment (UE) can be equipped with only a few number

of antennas due to its space limitation and hardware complexity limitation.

In [4], the probability density function (PDF) of the received signal-to-noise

power ratio (SNR) achievable with MRTC is derived for the case of an arbi-

trary number of transmit antennas and 2 receive antennas. However, to the

best of the authors’ knowledge, the closed-form expression for the received

SNR achievable with MRTC is not available in the literature. This makes it

difficult to compare MRTC with other diversity schemes.

In this paper, frequency-nonselective fading is considered. UsingM trans-

mit antennas at BS and 2 receive antennas at UE, we theoretically derive the

closed-form expression for the conditional SNR achievable with MRTC when

M × 2 MIMO channel gains are given. Using the derived expression for the

conditional received SNR, the average bit error rate (BER) performance of
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Fig. 1. Downlink transmission system model.

quaternary phase shift keying (QPSK) transmission in a Rayleigh fading en-

vironment is numerically evaluated. It is shown that MRTC provides the

average BER performance superior to STBC-TD and selective MTRC.

2 Analysis

Throughout the paper, the frequency-nonselective fading is considered. The

downlink transmission system model using MRTC is depicted in Fig. 1. BS

and UE are assumed to have M antennas and 2 antennas, respectively. The

transmit weight vector of size M×1 and the receive weight vector of size 2×1

are represented as wt = [wt,0, · · · , wt,m, · · · , wt,M−1]
T and wr = [wr,0, wr,1]

T ,

respectively. The downlink channel matrix is of size 2×M and is represented

as H = [hn,m]n=0∼1,m=0∼M−1 with E[|hn,m|2] = 1 (where E[·] is the ensemble

average operation). The superscripts T , H, and ∗ represent the transpose,

Hermitian transpose, and complex conjugate operations, respectively.

2.1 Received SNR

The baseband equivalent received signal r after combining at UE can be

expressed as

r =
√
2S(wT

r Hwt) d+wT
r ξ, (1)

where S is the average signal power, d is the transmit data symbol with

E[|d|2] = 1, and ξ = [ξ0, ξ1]
T is the complex-valued additive white Gaussian

noise (AWGN) vector with the noise power 1
2E[|ξn|2] = σ2 for n = 0 ∼ 1.

The received SNR γ after coherent detection can be expressed as

γ =
2S

σ2

|wT
r Hwt|2

wH
r wr

. (2)

2.2 Solving the SNR maximization problem

We want to find (wt,wr) which maximizes the value of γ. This maximization

problem can be solved as follows. For the givenwr, γ can be maximized when

wt = (wT
r H)H subject to wH

t wt = 1 (this is equivalent to the well-known

MRT of M transmit antennas) and can be expressed as

γ =
2S

σ2

(w∗
r)

H(HHH)w∗
r

(w∗
r)

Hw∗
r

, (3)
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from which the optimal wr, denoted by w+
r , can be found. This problem

leads to solving the following eigenvalue equation [8]

(HHH)w∗
r = αw∗

r, (4)

where α and w∗
r are the eigenvalue of HHH and the complex conjugated

receive weight vector, respectively. Since HHH is a Hermitian matrix, the

eigenvalues become non-negative and real [9].

SinceHHH is a matrix of size 2×2, Eq. (4) can be easily solved. The com-

plex conjugated optimal receive weight (w+
r )

∗ is associated with the largest

eigenvalue α+ of HHH . The optimal transmit weight is obtained as

w+
t = ((w+

r )
TH)H/

√
(w+

r )T (HHH)(w+
r )∗. (5)

Another eigenvalue equation can be formulated. For the given wt, the

use of wr = (Hwt)
∗ maximizes the value of γ (this is equivalent to the

well-known MRC of 2 receive antennas), leading to the following eigenvalue

equation

(HHH)wt = βwt s.t. wH
t wt = 1. (6)

Since HHH is a matrix of size M × M , Eq. (6) is very difficult to solve if

not impossible for a large M . However, we can show that α = β and w+
t is

equal to the weight given by Eq. (5). Therefore, it is recommended to use

Eq. (4) to find the optimal pair of the transmit and receive weights.

2.3 Deriving a closed-form SNR expression

HHH is given as

HHH =

[
a c∗

c b

]
=


M−1∑
m=0

|h0,m|2
(

M−1∑
m=0

h∗0,mh1,m

)∗

M−1∑
m=0

h∗0,mh1,m
M−1∑
m=0

|h1,m|2

 . (7)

Using Eqs. (4) and (7), α+ can be derived (its derivation process is omitted

for brevity) as

α+ =
a+ b+

√
(a− b)2 + 4|c|2
2

=
1

2

M−1∑
m=0

(
|h0,m|2 + |h1,m|2

)
+

√(
1

2

M−1∑
m=0

(|h0,m|2 − |h1,m|2)
)2

+

∣∣∣∣M−1∑
m=0

h∗0,mh1,m

∣∣∣∣2
. (8)

The achievable maximum SNR γMRTC and w+
r subject to (w+

r )
Hw+

r = 1 are

obtained as 

γMRTC =
2S

σ2
α+

w+
r =

[
w+
r,0

w+
r,0

]
=

∓
c

|c|
(b− α+)∗√

(b− α+)2 + |c|2

± |c|√
(b− α+)2 + |c|2

 (9)

Finally, the optimal transmit weight w+
t can be obtained from Eq. (5).
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2.4 Relationship between uplink and downlink optimal weight

pairs

So far, we have analyzed MRTC using M transmit and 2 received antennas,

which is the downlink transmission case. An interesting problem is to find

the optimal transmit and receive weight pair for the uplink transmission case

of M BS antennas and 2 UE antennas. Below, the subscript “↑” is introduced

to indicate the uplink case. According to Sect. 2.3, it is understood that the

eigenvalue equation with respect to w↑t is easier to solve since HH
↑ H↑ is of

size 2× 2. The eigenvalue equation is given by

(HH
↑ H↑)w↑t = α↑w↑t, (10)

where α↑ is the eigenvalue of HH
↑ H↑. Assuming time division duplex (TDD),

the uplink and downlink channels are reciprocal and the channel seen for the

reception at BS is given by H↑ = HT . Taking the complex conjugate of both

sides of Eq. (10) gives

(HHH)(w↑t)
∗ = α↑(w↑t)

∗, (11)

which is the same expression as Eq. (4). Therefore, α+
↑ = α+, w+

↑t = w+
r and

w+
↑r = w+

t . This reveals that the same SNR can be achieved for the downlink

and uplink transmissions and that the optimal transmit (BS) and receive

(UE) weights pair for the downlink transmission is the same as the optimal

receive (BS) and transmit (UE) weights pair for the uplink transmission.

2.5 Discussion

Below, the performance comparison is provided among MRTC, STBC-TD,

and selective MRTC, assuming M BS antennas and 2 UE antennas. STBC-

TD employs MRT (downlink)/MRC (uplink) [5]. Selective MRTC selects

the best UE antenna while BS uses all antennas for MRT (downlink)/MRC

(uplink) [6].

Applying the Cauchy-Schwarz inequality [10] to Eq. (8), the upper-bound

of α+ can be obtained. The lower-bound of α+ can be readily obtained from

Eq. (8). Accordingly, we have

M−1∑
m=0

(
|h0,m|2 + |h1,m|2

)
≥ α+ > max

{
M−1∑
m=0

|h0,m|2,
M−1∑
m=0

|h1,m|2
}

≥ 1
2

M−1∑
m=0

(
|h0,m|2 + |h1,m|2

) . (12)

Using Alamouti’s 2 × 2 STBC having the code rate of 1 [11], STBC-TD

achieves the received SNR of γSTBC-TD = 2S
σ2

1
2

M−1∑
m=0

(
|h0,m|2 + |h1,m|2

)
(see

[12]). We can also show that selective MRTC achieves the received SNR

of γselective MRTC = 2S
σ2max

{
M−1∑
m=0

|h0,m|2,
M−1∑
m=0

|h1,m|2
}
. Therefore, it can be

understood that γMRTC > γselective MRTC ≥ γSTBC-TD and MRTC achieves

the highest received SNR.
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Fig. 2. Average BER performance.

3 Numerical Evaluation

The average BER performances of QPSK transmission achievable with MRTC,

STBC-TD, and selective MRTC in a Rayleigh fading environment are nu-

merically evaluated. It is assumed that BS is equipped with M=4, 8, and

16 antennas while UE is equipped with 2 antennas. Assuming a Rayleigh

fading environment, {hn,m}, n = 0 ∼ 1,m = 0 ∼ M − 1, are modeled as

independent and identically distributed (i.i.d.) complex Gaussian random

variables with unit variance. The average BER of QPSK transmission is

obtained by averaging the conditional BER pe(γ) = 1
2erfc(

√
γ/4) over all

possible {hn,m}.
The numerically obtained average BER performances achievable with

MRTC, STBC-TD, and selective MRTC are plotted as a function of the aver-

age transmit symbol energy-to-noise power spectrum density ratio Es/N0(=

S/σ2) in Fig. 2. It can be seen from the figure that MRTC provides the best

BER performance, followed by selective MRTC. The performance gap be-

tween MRTC and selective MRTC becomes narrower as M increases; when

M=8 and 16, it is respectively about 1.0 dB and 0.5 dB in terms of the

required average transmit Es/N0 for achieving BER=10−3.

4 Conclusion

The closed-form expression for the received SNR achievable with MRTC was

derived for the case of an arbitrary number of BS antennas and 2 UE an-

tennas. Using the derived SNR expression, the average BER performance

of QPSK transmission achievable with MRTC in a frequency-nonselective

Rayleigh fading environment was numerically evaluated and was compared

with those achievable with STBC-TD and selective MRTC. It was confirmed

that MRTC provides the best BER performance, followed by selective MRTC.

The received SNR expression derived in this paper assuming the frequency-
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nonselective fading environment can be applied with slight modification to

numerically evaluate the average BER performances of orthogonal frequency

division multiplexing (OFDM) and discrete Fourier transform (DFT)-spread

OFDM (a family of single-carrier transmission) in a frequency-selective fad-

ing environment.
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