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Abstract— Spectrum handoff occurs when the primary users
appear in the licensed band occupied by the secondary users.
Spectrum handoff procedures aim to help the secondary users
to vacate the occupied licensed spectrum and find suitable target
channel to resume the unfinished transmission. In this paper, we
discuss how to select the target channels to minimize the total service
time with multiple spectrum handoffs. We propose a preemptive
resume priority (PRP) M/G/1 queueing network model to evaluate
total service time for various target channels selections. Then, we
suggest a low-complexity greedy algorithm to select target channels.
Numerical results show that a spectrum handoff scheme based on
greedy selection strategy can reduce total service time compared to
the randomly selection scheme.

I. I NTRODUCTION

Cognitive radio (CR) can improve spectrum efficiency through
intelligent spectrum management technologies by allowing sec-
ondary users to temporarily access primary users’ unutilized
licensed spectrum. In order to enhance spectrum management,
CR systems require many capabilities such as spectrum mobility
(or called spectrum handoff) [1]. Spectrum handoff occurs when
the high-priority primary users appear at its licensed band
occupied by the secondary users. Spectrum handoff procedures
aim to help the secondary users to vacate the occupied licensed
spectrum and find suitable target channel to resume the unfin-
ished transmission.

In general, according to the target channel decision methods,
spectrum handoff mechanisms can be categorized into [2], [3]:
(1) proactive-decision spectrum handoff: make the target chan-
nels for spectrum handoff readybefore data transmission ac-
cording to the long-term observation outcomes, and (2) reactive-
decision spectrum handoff: determine the target channel accord-
ing to the results fromon-demandwideband sensing.

Compared to the reactive-decision spectrum handoff, the
proactive-decision spectrum handoff may be able to reduce
handoff delay because the time-consuming wideband sensing is
not required [4]. Furthermore, it is easier to let both transmit-
ter and receiver have a consensus on their target channel for
the proactive-decision spectrum handoff than for the reactive-
decision spectrum sensing. Nevertheless, when the spectrum
handoff process is initiated, the proactive-decision spectrum
handoff needs to resolve the issue that the pre-selected target
channel may no longer be available. Hence, one challenge for
the proactive-decision handoff is to determine the optimal target
channels sequences to minimize total service time.

In this paper, we focus on finding the optimal target channels
sequences for theproactive-decision spectrum handoffin CR
networks, while leave the reactive-decision spectrum handoff in
the further work. The main objectives of this paper are described
as follows:

• A preemptive resume priority (PRP) M/G/1 queueing net-
work model is proposed to characterize the spectrum usage
interactions between primary and secondary users with
multiple spectrum handoffs. Based on this model, the total
service time for various target channels sequences can be
evaluated, and then the optimal target channels sequences
can be found.

• A suboptimal greedy target channel selection scheme is
proposed to reduce the complexity for finding optimal target
channels. The complexity of the proposed greedy target
channel selection scheme is independent of the total number
of channels.

The optimal sequences for target channels can be determined by
exhaustive search for all possible permutations of target channels,
but this method is obviously too complicated. Based on the
proposed PRP M/G/1 analytical model, it will be shown that the
proposed low-complexity greedy target channel selection scheme
can reduce the total service time compared to the randomly
selection scheme.

The rest of this paper is organized as follows. In Section II, we
formulate an optimization problem of target channels selection
aiming to minimize total service time with multiple spectrum
handoffs. Next, we propose a PRP M/G/1 queueing network
model to evaluate total service time for various target channels
sequences in Section III. Then, a low-complexity greedy target
channel selection scheme is discussed in Section IV. In Section
V, we derive the total service time resulted from the proposed
greedy target channel selection scheme in a simplified case.
Numerical and simulation results are given in Section VI. Finally,
we give our concluding remarks in Section VII.

II. PROBLEM FORMULATION

A. An Illustrative Example for proactive-decision Spectrum
Handoffs

We consider a slotted-based CR network where each slot
consists of sensing phase and transmission phase. Before data
transmission, secondary users must perform sensing procedure to
check availability of the current operating channel. Furthermore,
the spectrum handoff protocol proposed in [2] is considered. This
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Fig. 1. An example of packet transmission process with three interruptions,
wherets is the channel switch time. The whole data packet is partitioned into
four parts due to spectrum handoff.

protocol assumes each secondary user must wait on the selected
target channel until it becomes idle.

Figure 1 shows an example where multiple spectrum hand-
offs occur during a packet transmission. In this figure,HPC
and LPC stands for the high-priority customers (i.e., primary
customers) and the low-priority customers (i.e., secondary cus-
tomers), respectively. Consider secondary user 1 (SU1), whose
default channelis channel Ch1. In the beginning, SU1 transmits
its packet to the corresponding receiver SU2. SU1 requires total
28 time slots to transmit the whole packet. Assume that SU1’s
target channels sequence(denoted byΘ) is (Ch2, Ch2, Ch3).
The multiple handoffs process is described as follows. At the
first interruption, SU1 changes to the idle channel Ch2 from
channel Ch1. The handoff delay in this case is the channel
switching time (denoted byts). At the second interruption, SU1
stays on the current channel Ch2. SU2 can access the channel
only after the high-priority primary customers of Ch2 finish their
transmissions. In this case, handoff delay is the busy period
resulted from the primary customers of Ch2 (denoted byY

(2)
0 ).

At the third interruption, SU1 changes to Ch3. Because Ch3 is
busy, SU1 cannot be served until all the other customers in the
present queue of Ch3 have been served. In this case, handoff
delay is the sum ofts plus the waiting time in Ch3 (denoted by
W

(3)
s ). Finally, the transmission of SU1 is finished on Ch3. The

total service time (denoted byS) is defined as the duration from
the instant of starting transmitting packets until the instant of
finishing the transmission. Furthermore, handoff delay is defined
as the duration from the instant of pausing transmission until the
instant of resuming the unfinished transmission.

B. Total Service Time Minimizing Problem

We formulate aTotal Service Time Minimizing Problem for
spectrum handoff as follows. Given the default channel as well
as the arrival and departure models for both the primary and
secondary customers,find an optimal target channels sequence
(denoted byΘ∗) to minimize the total service time S.Formally,

Θ∗ = arg min
∀Θ

S(Θ) . (1)

III. PRP M/G/1QUEUEING NETWORK

In Section II, we formulate a total service time minimizing
problem. However, we do not mention how to evaluate total
service time. In this section, a PRP M/G/1 queueing network
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Fig. 2. The PRP M/G/1 queueing network for two-channel system wheren ≥ 1.

model is proposed to characterize the spectrum usage interactions
between primary and secondary users with multiple spectrum
handoffs. Based on this model, the total service time for various
target channels sequences can be evaluated, and then the optimal
target channels sequences can be found. Some important prop-
erties for PRP M/G/1 queueing network model are listed below:
• Primary customers have the preemptive priority to interrupt

the transmission of secondary customers.
• The interrupted secondary customer is designed to resume

the unfinished transmission, instead of retransmitting the
whole packet.

• The interrupted secondary customer’s target channel can be
different from its current operating channel, which is a key
difference to the traditional PRP M/G/1 queueing theory.

• The first-come-first-served (FCFS) scheduling discipline is
adopted to arrange the channel access schedule among all
secondary customers.

Figure 2 shows an example of the PRP M/G/1 queueing
network with two channels, in which primary customers are
put into the high-priority queue, and secondary customers are
put into the low-priority queue. When secondary customers are
interrupted by primary customers, they can stay on the current
channel or change their operating channels to another channel.
Firstly, in the change case, the unfinished transmission will be
put into the tail of the low-priority queue of another channel.
On the other hand, the unfinished transmission can be inserted
into the head of the low-priority queue of the current channel
when the stay strategy is selected. In both cases, the unfinished
transmission can be immediately resumed when the channel
becomes idle.

In this model, one of key parameters is the effective packet
length. It is the transmission duration from the instant that packet
is transmitted or resumed until the instant that interruption event
occurs. For example, if a secondary user finishes its packet
transmission without interruption, the effective packet length is
the whole packet length. On the other hand, only partial packet



can be transmitted when interruption event occurs. In this case,
the effective packet length is the transmission duration of this
partial packet.

The notations and definitions of the variables used in the PRP
M/G/1 queueing networks are introduced as follows.

• We assume the arrivals of primary and secondary cus-
tomers whose default channels are channelk follow the
Poisson processes with ratesλ

(k)
p and λ

(k)
s , respectively.

Furthermore, their packet length distributions are denoted
by b

(k)
p (x) and b

(k)
s (x) with meansE[X(k)

p ] and E[X(k)
s ]

time slots, respectively.
• Denoteλ

(k)
i as the arrival rate of the secondary customers

with i− 1 interruptions (i ≥ 1) at channelk. Furthermore,
these customers’ effective packet lengths are denoted by
b
(k)
i (x) with meanE[X(k)

i ] time slots.
• Denoteρ

(k)
p andρ

(k)
i as the busy probability resulted from

primary customers and the secondary customers withi− 1
interruptions (i ≥ 1) at channelk, respectively. The total
utilization factor for channelk is represented asρ(k). Then,
the following constraint shall be satisfied.

ρ(k) ≡ ρ(k)
p +

∞∑

i=1

ρ
(k)
i < 1 , (2)

where 1 ≤ k ≤ M . Hence,ρ(k) can be also interpreted
as the busy probability of channelk. Note thatρ(k)

p =
λ

(k)
p E[X(k)

p ] andρ
(k)
i = λ

(k)
i E[X(k)

i ] for all i.

Note that the system parameters, such asλ
(k)
p , λ

(k)
s , b

(k)
p (x),

andb
(k)
s (x), can be estimated by the existing models such as [5].

Hereafter, the subscript 0 will replacep to represent the primary
user’s valuables to ease the notations.

According to this model, we can evaluate the total service
time of secondary users for various target channels selections.
Intuitively, based on the brute force method, we must compare
all possible permutations of target channels sequences in order to
find the optimal solution. LetM be the total number of channels
which can be selected for spectrum handoff andξ be the number
of interruptions during the whole packet transmission. The brute
force method needs to compareM ξ permutations and has the
time complexity ofO(M ξ).

IV. GREEDY TARGET CHANNEL SELECTION

In order to reduce the complexity for solvingTotal Service
Time Minimizing Problem , we suggest a sub-optimal greedy
strategy for target channels selection. Specifically, we select the
channel withshortest handoff delayto be the target channel
at each spectrum handoff [6]. Furthermore, in the considered
spectrum handoff protocol [2], we assume each secondary user
must wait on the selected target channel until this channel
becomes idle such as the cases of the second and the third
interruptions in Fig. 1.

The above optimization problem can be solved by the sub-
optimal greedy target channels selection scheme with time
complexity of O(1). This can be proved with the help of the
following theorems.

Fig. 3. There are only six permutations for the target channel sequence based
on the principle of shortest handoff delay.

Theorem 1:Let Ω = {1, 2, . . . ,M} and W
(k)
s be the expected

time spent in the waiting queue for a secondary customer on
channelk (k ∈ Ω) . AssumeW (k)

s is independent of the channels
availabilities in the previous tracks of target channels sequence.
When the shortest-handoff-delay principle is adopted to select the
target channel, the size offeasible solution setof Total Service
Time Minimizing Problem is six as shown in Fig. 3.

Proof: Assume that the secondary customer is transmitted on
channelα in the beginning. For the first interruption, the ex-
pected handoff delay for staying on the current channelα equals
to the busy period resulted from the primary users of channel
α only. On the other hand, the handoff delay for changing its
operating channel to channelk (k ∈ Ω/{α}) is the sum of
channel switch time (denoted byts) plus the waiting time of
secondary customers on channelk. Hence, there are two possible
cases for target channels selection in the first interruption. In
Case 1, we have

Y
(α)
0 < min

∀k∈Ω/{α}
{W (k)

s + ts} , (3)

whereY
(k)
0 is the busy period resulted from the primary users

of channelk. In this case, the interrupted secondary customer
prefers staying on the current channel because it can produce
minimal expected handoff delay. Thus, the first target channel
in the target channels sequence is channelα. With this decision,
the interrupted secondary customer can resume its transmission
when all the primary customers are served on channelα. If
the statistics of traffic pattern on each channel are stable, (3)
holds when the interrupted secondary customer is preempted
by primary customers again. Hence, the interrupted secondary
customer will always stay on channelα until it is transmitted
completely. On the other hand, in Case 2,

∃β 6= α 3 W (β)
s + ts < min{ min

∀k∈Ω/{α,β}
{W (k)

s + ts}, Y (α)
0 } .

(4)
In this case, the interrupted customer prefers changing to channel
β because it can produce minimal expected handoff delay. Thus,
the first target channel in the target channels sequence is channel
β.

Case 2 can be further partitioned into three subcases if the
second interruption occurs. Firstly, the handoff delays for staying



on channelβ and changing to channelγ (γ 6= α and β)
are Y

(β)
0 and W

(γ)
s + ts, respectively. They are similar to the

situation of the first interruption. Furthermore, becauseW
(α)
s in

independent of the channels availabilities in the previous tracks
of target channels sequence, the handoff delay for switching
back to channelα is W

(α)
s + ts approximately. From the above

observations, there exist three possibilities in Case 2. In Case
2-1, we have

Y
(β)
0 < min

∀k∈Ω/{β}
{W (k)

s + ts} . (5)

This case is similar to Case 1. Hence, the interrupted secondary
customer prefers staying on channelβ thereafter until it is
transmitted successfully. Furthermore, in Case 2-2, we have

W (α)
s + ts < min{ min

∀k∈Ω/{α,β}
{W (k)

s + ts}, Y (β)
0 } . (6)

In this case, the interrupted secondary customer will switch
back to channelα. The target channels in the target channels
sequence will alternately switch between channelsβ and α. In
the traditional cellular network, switching the target channel back
and forth leads to the degradation of network performance [7].
However, in this case, it can result in shorter total service time.
Finally, in Case 2-3, we have

∃γ 6= α, β,3 W (γ)
s + ts < min{ min

∀k∈Ω/{β,γ}
{W (k)

s +ts}, Y (β)
0 } .

(7)
In this case, the interrupted secondary customer prefers changing
to channelγ. That is, the second target channel in the target
channels sequence is channelγ.

Similarly, Case 2-3 can be also further partitioned according
to system parameters when the third interruption occurs. In the
third interruption, the expected handoff delays for switching back
to channelsα and β approximateW

(α)
s + ts and W

(β)
s + ts,

respectively. On the other hand, the expected handoff delay for
staying on the current channelγ and changing to channelη
(η 6= α, β, andγ) areY

(γ)
0 andW

(η)
s + ts, respectively. Hence,

there exist three possibilities in Case 2-3 as follows. In Case
2-3-1, we have

Y
(γ)
0 < min

∀k∈Ω/{γ}
{W (k)

s + ts} . (8)

In this case, the interrupted secondary customer prefers staying
on channelγ thereafter until it is transmitted completely. Fur-
thermore, in Cases 2-3-2 and 2-3-3, we have

W (α)
s + ts < min{ min

∀k∈Ω/{α,γ}
{W (k)

s + ts}, Y (γ)
0 } , (9)

and

W (β)
s + ts < min{ min

∀k∈Ω/{β,γ}
{W (k)

s + ts}, Y (γ)
0 } , (10)

respectively. Thus, the interrupted secondary customer switches
back to channelsα andβ, respectively. These two subcases will
repeat the discussions in Cases 1 and 2 when the secondary
customer is interrupted again.

According to Lemma 1 in Appendix I, there are not any sub-
cases in Case 2-3. Hence, we conclude thatthere are only six
permutations for target channels sequence when the principle

of shortest handoff delay is adopted. The six permutations are
shown in Fig. 3. Hence, the time complexity of the proposed
greedy algorithm isO(1). Once the system parameters are given,
Total Service Time Minimizing Problem can be solved from
the only six permutations. Note that the similar discussions can
be applied on other greedy strategies for target channels selection
such as the strategy that the channel with longest idle period is
selected firstly. ¥

Not only can this theorem prove the low-complexity advantage
for the proposed greedy target channel selection approach, but
also be helpful to resolve the so-called transmitter-receiver
channel synchronization issue in CR networks [4], [8]. That is,
the transmitter and the receiver must have a consensus on the
operating channel. Based on this theorem, the transmitter and the
receiver only need to consider three channels in the suboptimal
sense.

V. PERFORMANCEANALYSIS

In this section, we evaluate total service time of secondary
users. Based on the proposed PRP M/G/1 analytical model, it will
be shown that the proposed low-complexity greedy target channel
selection scheme can reduce the total service time compared
to the randomly selection scheme. To simplify the analysis, we
assume that each channel has identical traffic patterns. Hence,
the notation (k) in all system parameters can be dropped.

Our goal is to derive total service time of secondary users
in the two-channel system. Because each channel has identical
traffic patterns, the possible permutations of target channels
sequence can be further reduced into two cases. One is the
always-changecase, i.e. case 2-2 of Fig. 3. Another one is the
“always-stay”, i.e., case 1 of Fig. 3. Based on the estimated total
service time provided by this analytical model, one can decide
whether the always-change strategy is better than the always-stay
strategy or vice versa.

A. Total Service Time of Secondary Customers

Let S andE[D] be the average total service time and handoff
delay of secondary customers. Then, we have

S = E[Xs] + E[N ]E[D] , (11)

whereE[N ] is the average number of interruptions.
If the always-stay strategy (i.e., case 1 of Fig. 3) is adopted, the

average handoff delay is the average busy period (Y0) resulted
from primary users of each channel. That is, we have

E[Sstay] = E[Xs] + E[N ]Y0 . (12)

On the other hand, if the always-change strategy is adopted,
the handoff delay isWs + ts whereWs is the waiting time of
secondary users. Thus, we have

E[Schange] = E[Xs] + E[N ](Ws + ts) . (13)

The unknown terms such asY0, E[N ], andWs in (12) and (13)
will be derived in the following subsections.



In addition, we also consider a baseline case that the inter-
rupted secondary customer will uniformly select a target channel
from all channels. Thus, it follows that

E[Srandom] = E[Xs] +
E[N ]

2
Y0 +

E[N ]
2

(Ws + ts) . (14)

Based on the analytical results, a better target channel can be
decided to minimize the total service time. Hence, the optimal
total service time (denoted byS∗) can be expressed as follows:

S∗ =
{

E[Sstay] , Y0 ≤ Ws + ts
E[Schange] , Y0 ≥ Ws + ts

. (15)

Note that if Y0 = Ws + ts, the stay or change decision is
equivalent in terms of total service time.

B. Derivation ofE[N ] in (12) and (13)

For derivingE[N ], recall that the transmission of a secondary
customer will be interrupted if primary customers appear during
its transmission duration. Thus, the average number of interrup-
tions for a secondary packet within a period ofE[Xs] can be
obtained as

E[N ] = λ0E[Xs] . (16)

C. Derivation ofY0 in (12)

According to the definition of utilization, we have

ρ0 = λ0E[X0] . (17)

DenoteI0 as the idle period of each channel for the primary
network. Because of the memoryless property, the duration from
the termination of busy period to the arrival of the next primary
customer follows the exponential distribution with meanλ0.
Hence, we have

I0 =
1
λ0

. (18)

Then, substituting (17) and (18) intoρ0 = Y0
Y0+I0

yields

Y0 =
E[X0]
1− ρ0

=
E[X0]

1− λ0E[X0]
. (19)

D. Derivation ofWs in (13)

Next, let Q0 be the average length of high-priority queue
and Qi be the average number of secondary customers with
i − 1 interruptions (i ≥ 1) waiting in the queue, respectively.
Because the incoming secondary user must wait until all these
Qi secondary users and the primary users have been served, the
waiting time (Ws) for secondary users in always-change case
can be expressed as

Ws = Rs +
∞∑

i=0

QiE[Xi] + λ0WsE[X0] , (20)

whereRs is the average residual effective packet length. It is
the remaining time to complete service of the customer which
is serving. This customer can be the primary customer or the
secondary customer withi − 1 interruptions. Furthermore, the
second and the third terms are the accumulated workload resulted

from all customers in the present queue and the newly arriving
primary users, respectively. According to [9], we haveRs =
1
2

∑∞
i=1 λiE[(Xi)2]. Furthermore, according to Little’s formula,

it follows that

Qi =
{

λ0W0 , i = 0
λiWs , i ≥ 1 , (21)

where W0 is the average waiting time of primary customers.
Hence, we have

W0 = R0 + Q0E[X0] , (22)

where the first term is average residual packet length resulted
from primary customers only and the second term is the total
workload of primary customers in the present high-priority
queue. Similarly, sinceR0 = 1

2λ0E[(X0)2] according to [9],
solving (21) and (22) simultaneously yields

W0 =
λ0E[(X0)2]
2(1− ρ0)

, and Q0 =
λ2

0E[(X0)2]
2(1− ρ0)

. (23)

Last, if λi and E[Xi] can be known, one can obtainW
by solving (20) and (21) iteratively. In the special case when
the secondary customer has an exponentially distributed packet
length, i.e.,bs(x) = µse

−µsx whereµs = 1
E[Xs] , one can obtain

λi = λs( λ0
λ0+µs

)i−1, E[Xi] = 1
λ0+µs

, andE[(Xi)2] = 2
(λ0+µs)2

for all i ≥ 1. Thus, the closed-form expression forWs is

Ws =
1
2λ0(E[(X0)2]) + λs

(λ0+µs)µs
+ λ2

0E[(X0)
2]

2(1−ρ0)
E[X0]

1− ρ0 − ρs
. (24)

VI. N UMERICAL AND SIMULATION RESULTS

A. Simulation Setup

We use MATLAB software to simulate a two-channel system.
In each channel, two types of customers are generated with
Poisson process. The high-priority customers can interrupt the
transmission of low-priority customers. Furthermore, we assume
the customers with identical priority access channel with first-
come-first-served (FCFS) scheduling discipline. Hence, each
channel is collision-free. Finally, we assume all primary and
secondary customers have the exponentially distributed packet
lengths in our simulations.

B. Performance Evaluation

Figure 4 shows the total service time in the always-stay and
the always-change cases. Based on (15), our proposed greedy
selection can intelligently operate on the best target channel
with shortest total service time. With a lower value ofλp, the
interrupted customer prefers to change the operating channel. By
contrast, whenλp is large, the interrupted customer prefers the
always-stay strategy. This phenomenon can be also interpreted
by the renewal theory as follows: Asλp increases, the busy
period Y0 increases. Thus, it is more likely that the randomly
interrupted secondary customer will see a longer busy period.
Hence, in this case, the interrupted customer prefers staying on
the current channel. 5

Figure 5 compares the total service time of spectrum handoff
with two different target channel selection methods: 1) the



0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.2

2.5

3

3.5

4

Arrival Rate of Primary Users (λ
0
)

T
ot

al
 S

er
vi

ce
 T

im
e 

(S
)

λ
s
=0.1, µ

0
=0.5, and µ

s
=0.5

 

 

always stay (analysis)
always change (analysis)
always stay (simulation)
always change (simulation)

Fig. 4. Comparison of total service time in the always-stay and the always-
change cases. The value ofts is assumed be0.

0.1 0.12 0.14 0.16 0.18 0.2
2

2.5

3

3.5

4

4.5

5

Arrival Rate of Primary Users (λ
0
)

T
ot

al
 S

er
vi

ce
 T

im
e 

(S
)

λ
s
=0.1, µ

0
=0.4, and µ

s
=0.5

 

 

random seclection approach
proposed greedy approach

Fig. 5. Comparison of total service time for random and greedy strategies. The
value of ts is assumed be0.

random target channel selection and 2) the proposed greedy
target channel selection. Forλp ≤ 0.2, it is shown that the total
service time can be shortened about5 ∼ 20% comparing to the
case of random selection. For largerλp, one can expect that the
proposed greedy target channel selection strategy can improve
total service time more significantly.

Figure 6 shows the effect ofµs on the total service time
of the proposed greedy target channel selection approach. As
shown in this figure, whenµs is small, it is preferable to
make the interrupted customer prefers stay on the same channel
because the waiting time may be longer after changing to another
channel. Thus, the decision cross-point moves toward left-hand
side asµs decreases.

VII. C ONCLUSIONS

In this paper, we have investigatedTotal Service Time
Minimizing Problem . We propose a preemptive resume priority
(PRP) M/G/1 queueing network model to evaluate total service
time for various target channels sequences. Then, we suggest
a low-complexity greedy algorithm to select target channels.
According to the greedy target channel selection approach, it is
only required to maintain a candidate target channels sequence
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consisting of at most three channels. Numerical results show that
a spectrum handoff scheme based on greedy selection strategy
can reduce the total service time compared to the randomly
selection scheme.

APPENDIX I
THE PROOF OFLEMMA 1

Lemma 1:Case 2-3 can only be further partitioned into three
sub-cases (sub-cases 2-3-1, 2-3-2, and 2-3-3).

Proof: Assume that there exists another subcase in case 2-3. That
is,

∃η 6= α, β, γ,3 W (η) + ts < min{ min
∀k 6=η,γ

{W (k) + ts}, Y (γ)
1 } .

(25)
Then, it follows thatW (η) + ts < W (k) + ts for all k 6= η, γ.
However, from (4) in case 2, we obtainW (β) + ts < W (k) + ts
for all k 6= α, β. It leads to a contradiction. ¥
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